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■^J- ■ We study U(l) symmetries dual to Betti multiplets in the AdS^/CFT^ cor- 

respondence for M2 branes at Calabi-Yau four-fold singularities. Analysis of the 
boundary conditions for vector fields in AdS^ allows for a choice where wrapped 
M5 brane states carrying non-zero charge under such symmetries can be con- 
sidered. We begin by focusing on isolated toric singularities without vanishing 
six-cycles, and study in detail the cone over Q 111 . The boundary conditions con- 
sidered are dual to a CFT where the gauge group is U(l) 2 x SU(N) 4 . We find 
agreement between the spectrum of gauge-invariant baryonic-type operators in 
this theory and wrapped M5 brane states. Moreover, the physics of vacua in 
which these symmetries are spontaneously broken precisely matches a dual grav- 
ity analysis involving resolutions of the singularity, where we are able to match 
condensates of the baryonic operators, Goldstone bosons and global strings. We 
also argue more generally that theories where the resolutions have six-cycles are 
expected to receive non-perturbative corrections from M5 brane instantons. We 
give a general formula relating the instanton action to normalizable harmonic 
two-forms, and compute it explicitly for the Q 222 example. The holographic 
interpretation of such instantons is currently unclear. 
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1 Introduction 

Over the last two years there have been major advances towards understanding the 
AdSi/CFTz duality. Elaborating on [H[2], Aharony, Bergman, Jafferis and Maldacena 
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j3] proposed a theory conjectured to be dual to M2 branes probing a C 4 /Zfc singularity, 
where acts with weights (1, 1, —1, —1) on the coordinates of C 4 . This low energy 
theory on the worldvolume of iV coincident M2 branes is a U(N)k x U(N)-k quiver 
Chern-Simons (CS) theory, with a marginal quartic superpotential whose coefficient is 
related by the high degree of SUSY to the CS coupling. Indeed, for generic CS coupling 
k the theory enjoys Af = 6 SUSY, and as such possesses an SO(6)r symmetry which 
is manifest in the potential [3]. The theory is then automatically conformal at the 
quantum level. For k = 1, 2 the SUSY is enhanced to M = 8. In field theory it 
has been argued [3] that this enhancement is due to quantum effects where 't Hooft 
monopole operators play a key role. Indeed, the ABJM theory has just the right 
structure [5] for these monopole operators to have appropriate quantum numbers that 
then allow for such a symmetry enhancement. 

Motivated by this progress in understanding the maximally SUSY case, it is nat- 
ural to consider M2 branes moving in less symmetric spaces, leading to versions of 
the duality with reduced SUSY. Inspired by ABJM [3], the theories considered are 
ria=i U{N) ka quiver CS (QCS) theories with bifundamental matter. The role of the 
CS levels is far from trivial, and it has been argued in [61 [7j that the sum Yla=i 
corresponds to the Type IIA SUGRA Romans mass parameter. In this paper we will 
focus entirely on the case in which the CS levels sum to zero; the Romans mass then 
vanishes and the system admits an M-theory lift. 

Since the kinetic terms for the gauge fields are given by the CS action, the only 
classically dimensionful parameters are the superpotential couplings. Strong gauge 
dynamics is then conjectured to drive the theory to a super conformal IR fixed point. 
In [H [91 [10], a general analysis of the moduli spaces of such superconformal gauge 
theories was presented. In particular, it is crucial that the CS levels sum to zero if 
there is to be a so-called geometric branch of the moduli space which is a Calabi-Yau 
four-fold cone, where the branes are interpreted as moving. In parallel to the ABJM 
case, multiplying the vector of CS levels by an integer orbifolds this moduli space in 
a certain way. More precisely, the theory with k = gcd{k a } has a (abelian) moduli 
space which is a Z fc quotient of the moduli space of the theory with CS levels {k a /k}. 
Generically this group will not act freely away from the tip of the cone. In this case 
one might expect additional gauge symmetries at such fixed points. This has recently 
motivated [TTl [12] the consideration of dual field theories which involve fundamental, 
as well as bifundamental, matter. It is however fair to say that, at present, there is no 
comprehensive understanding of these constructions. 
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On general grounds, the presence of global symmetries is of great help in classifying 
the spectrum of a gauge theory. One particularly important such global symmetry is 
the R-symmetry. In three dimensions a theory preserving M supersymmetries admits 
the action of an 5*0 (AT) R-symmetry Thus the existence of a non-trivial R-symmetry, 
which can then provide important constraints on the dynamics, requires that we focus 
on M > 2, implying there is at least a £7(1)#. In particular it then follows that, as- 
suming the theory flows to an IR superconformal fixed point, the scaling dimensions 
of chiral primary operators coincide with their R-charges. We note that, generically, 
the M = 2 theories considered have classically irrelevant superpotentials. Strong gauge 
dynamics is required to give large anomalous dimensions, thus making it possible to 
reach a non-trivial IR fixed point. However, in three dimensions there are few indepen- 
dent field theory checks on the existence of such a fixed point. For example, there is 
no useful analogous version of a- maximization [13J, which for four- dimensional M = 1 
theories allows one to determine the R-charge in the superconformal algebra at the IR 
fixed point. This places the conjectured dualities on a much weaker footing than their 
four- dimensional cousins in Type IIB string theory. 

The M = 2 QCS theories that we consider are expected to be dual to M2 branes 
moving in a Calabi-Yau four-fold cone over a seven-dimensional Sasaki-Einstein base 
Y, thus giving rise to an AdS^ x Y near horizon dual geometry. Such Sasaki-Einstein 
manifolds Y will typically have non-trivial topology, implying the existence of Kaluza- 
Klein (KK) modes obtained by reduction of SUGRA fields along the corresponding 
homology cycles. Of particular interest are five-cycles, on which one can reduce the 
M-theory six-form potential to obtain &2OO = dim^O^K.) vector fields in AdS&. 
These vector fields are part of short multiplets of the KK reduction on Y, known as 
Betti multiplets [El [15] (for a discussion relevant to the cases we will consider, see also 
[T6| [T7]). In analogy with the Type IIB case, where these symmetries are well-known 
to correspond to global baryonic symmetries [18], we will sometimes employ the same 
terminology here and refer to these as baryonic U(l)s. 

In this paper we set out to study the above symmetries in the AdS<±/CFT 3 cor- 
respondence. In the rather better-understood AdS 5 /CFT 4: correspondence in Type 
IIB string theory, from the field theory point of view these baryonic U(l) symmetries 
appear as non-anomalous combinations of the diagonal U(l) factors inside the U(N) 
gauge groupsJl] The key point is that, in four dimensions, abelian gauge fields are IR 
free and thus become global symmetries in the IR. However, this is no longer true in 

1 For a complete discussion of the Type IIB case we refer to e.g. [TH1 1201 12T] . 
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three dimensions, thus raising the question of the fate of these abelian symmetries. 
From the gravity perspective, in the dual AdS^ the vector fields admit two admissible 
fall-offs at the boundary of AdS± [221 123] . This is in contrast to the AdS^ case where 
only one of them, that which leads to the interpretation as dual to a global current, is 
allowed. That the two behaviours are permitted implies that the corresponding bound- 
ary symmetries remain either gauged or ungauged, respectively, defining in each case a 
different boundary CFT. This issue is closely related to the gauge groups being either 
U(N) or SU(N) in the case at hand. From the point of view of the QCS theory with 
U(N) gauge groups, at lowest CS level k — 1 there is no real distinction between U(N) 
and U(l) x SU(N) gauge groups [3j EH [25] . Therefore the discussion in [22] can be 
applied to the abelian part of the symmetry. In this way it is possible to connect the 
SU(N) and the U(N) theories in a rather precise manner, while keeping track of the 
corresponding action on the gravity side, which amounts to selecting one particular 
fall-off for the vector fields in AdS±. This provides motivation to look at the SU(N) 
version of the theory as dual to a particular choice of boundary conditions in the dual 
gravity picture. 

In the first part of this paper we focus on the simplest class of examples, namely 
isolated toric Calabi-Yau four-fold singularities with no vanishing six-cycles (no ex- 
ceptional divisors in a crepant resolution). These are discussed in more detail in £[A] 
In particular we study in detail the example of C(Q 1U ). A dual U(N) 4 QCS field 
theory was proposed for this singularity in [2E], and further studied in [27] where the 
non-abelian chiral ring of the theory (at large k) was shown to precisely match the co- 
ordinate ring of the variety. Motivated by the analysis of the behaviour of gauge fields 
in AdSi, we will choose boundary conditions where the hi (Q U1 ) = 2 Betti multiplets 
are dual to global symmetries. This amounts to focusing on a certain version of the 
theory with gauge group U (l) 2 x SU (iV) 4 . On the other hand, gauge fields in AdS± can 
have a priori both electric sources, corresponding to wrapped M5 branes, and mag- 
netic sources, corresponding to wrapped M2 branes. It turns out that the boundary 
conditions necessary to define the AdS/CFT correspondence allow for just one of the 
two types at a time [22]. In particular, the chosen U(l) 2 x SU(N) 4 quantization allows 
only for electric sources; that is, wrapped supersymmetric M5 branes. In turn, these 
correspond to baryonic operators [28] in the field theory that are charged under the 
global symmetries. We will analyse this correspondence in detail, finding the expected 
agreement. 

On the other hand, magnetic sources correspond to M2 branes [28]. While in the AdS 
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geometry these wrap non-supersymmetric cycles, we can also consider resolutions of the 
corresponding cone where there are supersymmetric wrapped M2 branes. Along the 
lines of [291 EH], we will identify the relevant operator, responsible for the resolution, 
which is acquiring a VEV. Very much as in reference [30], it is possible to find an 
interpretation of these solutions as spontaneous symmetry breaking (SSB) through the 
explicit appearance of a Goldstone boson in the SUGRA dual. 

A natural next step is to enlarge the class of singularities under consideration by 
allowing dual geometries with exceptional six-cycles. One such example is a Z 2 orbifold 
of C(Q U1 ) known as C(Q 222 ). A dual field theory candidate has been proposed in 
fZT\ 13"T | I3"2"] . Further tests of this theory were performed in [27], where it was shown that 
its chiral ring matches the gravity computation at large k. The interpretation of such 
six-cycles is somewhat obscure holographically. Indeed, such six-cycles, when resolved, 
can support M5 brane instantons leading to non-perturbative corrections [33]. In the 
second part of this paper we set up the study of such corrections by finding a general 
expression for the Euclidean action of such branes in terms of normalizable harmonic 
two-forms, and compute this explicitly for Q 222 . We leave a full understanding of such 
non-perturbative effects from the gauge theory point of view for future work. 

The organization of this paper is as follows. In £J2] we review the Freund- Rubin- 
type solutions which are eleven-dimensional AdS^ x Y backgrounds. We then turn 
to KK reduction of the SUGRA six- form potential on five-cycles in Y, leading to the 
Betti multiplets of interest. General analysis of gauge fields in AdS± shows that two 
possible fall-offs are admissible. We then review the construction in [22] relating these 
different boundary conditions for a single abelian gauge field in AdS± to the action of 
SL(2,Z). In we turn in more detail to the field theory description. We start by 
reviewing general aspects of U (N) QCS theories that have appeared in the literature, 
before turning in §3.21 to the example of interest. We then propose a set of boundary 
conditions dual to the U (l) 2 x SU (iV) 4 theory. We identify the ungauged U (l)s via the 
electric M5 branes wrapping holomorphic divisors in the geometry. In §4] we turn to the 
spontaneous breaking of these baryonic symmetries. We compute on the gravity side 
the baryonic condensate and identify the Goldstone boson of the SSB. In £j5]we initiate 
the study of exceptional six-cycles. We compute the warped volume of a Euclidean 
brane in the resolved C(Q 222 ) geometry. By extending our results on warped volumes 
to arbitrary geometries, both for the baryonic condensate and the Euclidean brane, 
we find general formulae for such warped volumes. We end with some concluding 
comments in £j6j Finally, a number of relevant calculations and formulae are collected 
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in the appendices. 



Note added: as this paper was being finalized the preprint [70] appeared, which 
has partial overlap with our results. 



2 AdSi backgrounds and abelian symmetries 

We begin by reviewing general properties of Freund- Rubin AdS^ backgrounds, and also 
introduce the Q 1U and Q 222 = Q 1U /I*2 examples of main interest. KK reduction of 
the M-theory potentials on topologically non-trivial cycles leads to gauge symmetries 
in AdS±. We review their dynamics in the AdS/CFT context and the sources allowed, 
depending on the chosen quantization. Of central relevance for our purposes will be 
wrapped supersymmetric M5 branes. 

2.1 Freund- Rub in solutions 

The AdS^ backgrounds of interest are of Freund-Rubin type, with eleven-dimensional 
metric and four-form given by 

ds 2 n = R 2 (^ds 2 (AdS 4 ) + ds 2 (Y^j , (2.1) 

G = -R 3 Vol(AdS 4 ) . 
8 

Here the AdS^ metric is normalized so that = Sg^. The Einstein equations imply 
that Y is an Einstein manifold of positive Ricci curvature, with metric normalized so 
that Rij = 6gij. The flux quantization condition 

* 11 G = NeZ, (2.2) 



(2tt£ p )6 
then leads to the relation 



Y 



R = M \-^MY)) • (2 ' 3) 

where £ p denotes the eleven- dimensional Planck length. 

As is well-known, such solutions arise as the near-horizon limit of iV M2 branes 
placed at the tip r = of the Ricci-flat cone 

ds 2 (C(Y)) = dr 2 + r 2 ds 2 (Y) . (2.4) 
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More precisely, the eleven-dimensional solution is 

ds 2 n = h-^ds^R 1 ' 2 ) + h^ds 2 (X) , (2.5) 
G = d 3 x A dh- 1 , 

where in the case at hand we take the eight-manifold X = C{Y) with conical metric 
(12. 4p . Placing N Minkowski space-filling M2 branes at r = leads, after including 
their gravitational back-reaction, to the warp factor 

h = l + *. (2.6) 

In the near- horizon limit, near to r = 0, the background ( 12. 5 ft approaches the Ad S4 
background (I2.ip . In fact the warp factor h = R 6 /r 6 is precisely the AdS^ background 
in a Poincare slicing. More precisely, writing 

z = % , ds 2 (AdS 4 ) = z~ 2 {dz 2 + ds^R 1 ' 2 )) , (2.7) 



leads to the metric ( 12. ip . 



Supersymmetries H 


Y 


C(Y) 


1 


weak G2 holonomy 


Spin(7) holonomy 


2 


Sasaki-Einstein 


SU(A) holonomy (Ricci-flat Kahler) 


3 


3-Sasakian 


Sp(2) holonomy (hyperKahler) 



Table 1: Relation between the number of supersymmetries M in AdS^ and the special 
Einstein geometry of Y and its cone C(Y). 



We shall be interested in solutions of this form preserving supersymmetry in AdS±. 
The well-known result [31] is summarized in Table [TJ As mentioned in the introduction, 
in general M supersymmetries leads to the R-symmetry group SO (AT), and thus su- 
persymmetry provides a strong constraint on the spectrum only for N > 2. We hence 
restrict attention to the M = 2 Sasaki-Einstein case, which includes the M = 3 geome- 
try as a special case. It is then equivalent to say that the cone metric on C(Y) is Kahler 
as well as as Ricci-flat, i.e. Calabi-Yau. Geometries with J\f > 4 supersymmetries are 
necessarily quotients of S 7 . 

Only a decade ago the only known examples of such Sasaki-Einstein seven-manifolds 
were homogeneous spaces. Since then there has been dramatic progress. 3-Sasakian 
manifolds, with = 3, may be constructed via an analogue of the hyperKahler quo- 
tient, leading to rich infinite classes of examples [35]. For M = 2 supersymmetry one 
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could take Y to be one of the explicit Y p,k manifolds constructed in [36J, and further 
studied in [37J EE] , or any of their subsequent generalizations. These Af = 2 examples 
are all toric, meaning that the isometry group contains t/(l) 4 as a subgroup. In fact, 
toric Sasaki-Einstein manifolds are now completely classified thanks to the general ex- 
istence and uniqueness result in [39]. At the other extreme, there are also non-explicit 
metrics in which U(1)r is the only isometry [35] . 

However, for our purposes it will be sufficient to focus on two specific homogeneous 
examples, namely Q 111 and Q 222 = Q U1 /Z 2 , with Z 2 C U(1)r being along the R- 
symmetry of Q 1U . These will turn out to be simple enough so that everything can be 
computed explicitly, and yet at the same time we shall argue that many of the features 
seen in these cases hold also for the more general geometries mentioned above. In 
both cases the isometry group is SU(2) 3 x Z7 (1)r, and in local coordinates the explicit 
metrics are 

(3 \ 2 3 

dV + X)cosWiJ +i^(d0? + sin 2 f d$) • (2-8) 
i=l / i=l 

Here 0») are standard coordinates on three copies of S 2 = CP 1 , i = 1,2,3, and ift 
has period 4n for Q 111 and period 27r for Q 222 . The two Killing spinors are charged 
under d^, which is dual to the U(1)r symmetry. The metric (I2.8P shows very explicitly 
the regular structure of a U(l) bundle over the standard Kahler-Einstein metric on 
CP 1 x CP 1 x CP 1 , where ip is the fibre coordinate and the Chern numbers are (1, 1, 1) 
and (2, 2, 2) respectively. These are hence natural generalizations^ to seven dimensions 
of the T 11 and T 22 manifolds. 

2.2 C-field modes 

One might wonder whether it is possible to turn on an internal G-flux Gy on Y, in 
addition to the G-field in (12.11) . and still preserve supersymmetry, i.e. 

G = -R 3 Vo\(AdS 4 ) + G Y . (2.9) 
8 

In fact necessarily Gy = 0. This follows from the results of [41J : for any warped Calabi- 
Yau four-fold background with metric of the form (12.51) . one can turn on a G- field Gx 
on X without changing the Calabi-Yau metric on X only if Gx is self-dual. But for a 
cone, with Gx = Gy a pull-back from the base Y, this obviously implies that Gx = 0. 

2 The other natural such generalization is the homogeneous space V^p — SO(5)/SO(3), which has 
been studied in detail in [10] . 
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However, more precisely the 67-field in M-theory determines a classj in H A (Y, Z). 
The differential form part of G captures only the image of this in H 4 (Y, M), and so 
Gy = still allows for a topologically non-trivial 67-field classified by the torsion 
part H^ OT (Y, Z). This is also captured, up to gauge equivalence, by the holonomy of 
the corresponding flat C-field through dual torsion three-cycles in Y. There are hence 
\H^ OT {Y, Z)| physically distinct AdS^ Freund- Rubin backgrounds associated to the same 
geometry, which should thus correspond to physically inequivalent dual SCFTs. In a 
small number of examples with proposed Chern-Simons quiver duals, including the 
original ABJ(M) theory, different choices of this torsion G-flux have been argued to 
be dual to changing the ranks in the quiver jlQl 03]. However, the related Seiberg-like 
dualities are currently very poorly understood in examples without Hanany-Witten- 
type brane duals. In particular, for example, one can compute H 4 (Q 1U , Z) = Z 2 , 
implying there are two distinct M-theory backgrounds with the same Q 111 geometry 
but different C-fields. This is an important aspect of the AdS^/CFT^ duality that we 
shall not discuss any further in this paper. 

More straightforwardly, if one has b^{Y) = dimif 3 (Y, M.) three-cycles in Y then one 
can also turn on a closed three-form C with non-zero periods through these cycles. 
Including large gauge transformations, this gives a space U(l) b3 ^ of such flat C-fields. 
Since these are continuously connected to each other they would be dual to marginal 
deformations in the dual field theory. Indeed, the harmonic three-forms on a Sasaki- 
Einstein seven-manifold are in fact paired by an almost complex structure [H] and 
thus bs(Y) is always even, allowing these to pair naturally into complex parameters as 
required by M = 2 supersymmetry. However, for the class of toric singularities studied 
in this paper, including Q m and it is straightforward^ to show that b 3 (Y) = 
and there are hence no such marginal deformations associated to the C-field. 

Finally, since Hq(Y,M.) = for any positively curved Einstein seven- manifold, there 
are never periods of the dual potential C 6 through six-cycles in Y. 

2.3 Baryonic symmetries and wrapped branes 

Of central interest in this paper will be symmetries associated to the topology of Y, and 
the corresponding charged BPS states associated to wrapped M branes. By analogy 

3 This is true since the membrane global anomaly described in [42j is always zero on a seven-manifold 
Y that is spin. 

4 Thcre are, however, examples: the Calabi-Yau four-fold hypersurfaces Yli=i z t = 0> wnerc d = 
3,4, are known to have Calabi-Yau cone metrics, and these have bs(Y) = 10, 60, respectively [44] . 
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with the corresponding situation in AdS$ x Y" 5 in Type IIB string theory, we shall refer 
to these symmetries as baryonic symmetries; the name will turn out to be justified. 

Denote by ^(^O — dimif 2 (^K) the second Betti number of Y. By Poincare du- 
ality we have dim if 5 (Y, M.) = dim H 2 (Y,~R) = b 2 (Y). Let a±, . . . , a^y) be a set of 
dual harmonic five-forms with integer periods. Then for the AdS^ x Y Freund-Rubin 
background we may write the KK ansatz 




(2.10) 



where T5 = 2tt/(2tt£ p ) 6 is the M5 brane tension. This gives rise to b 2 (Y) massless U(l) 
gauge fields Ai in AdS^. For a supersymmetric theory these gauge fields of course sit 
in certain multiplets, known as Betti multiplets. See, for example, [T4"l [T5 | [T6 | ITT]. 

2.3.1 Vector fields in AdS^, boundary conditions and dual CFTs 

The AdS/CFT duality requires specifying the boundary conditions for the fluctuating 
fields in AdS. In particular, vector fields in AdS^ admit different sets of boundary 
conditions [22j [22] leading to different boundary CFTs. In order to see this, let us 
consider a vector field in AdSd+i- Using the straightforward generalization to AdSd+i 
of the coordinates in (12.71) . in the gauge A z = the bulk equations of motion set 

A, = a,+j,z d - 2 , (2.11) 

where a M , satisfy the free Maxwell equation in Lorentz gauge in the Minkowski space. 
It is not hard to see that in d < 4 both behaviours have finite action, and thus can be 
used to define a consistent AdS/CFT duality. 

Let us now concentrate on the case of interest d = 3, where both quantizations are 
allowed. In order to have a well-defined variational problem for the gauge field in AdS^ 
we should be careful with the boundary terms when varying the action. In general, we 
have 

iS = I {^^- dti ^^} S A M + d J d -^^ S A M } . (2.12) 
J I dA M dd N A M J I dd N A M J 

The bulk term gives the equations of motion whose solution behaves as (12.111) . In turn, 
the boundary term can be seen to reduce to 

8S B = -\ ( Jfl 5a^d 3 x. (2.13) 

^ J Boundary 
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Therefore, in order to have a well-posed variational problem, we need to demand 5a^ = 
0; that is, we need to impose boundary conditions where a M is fixed in the boundary. 

On the other hand, since in d = 3 both behaviours for the gauge field have finite 
action, we can consider adding suitable boundary terms such that the action becomes 
[23] 

S= - I Vd^g~ Fab F ab + ]- j >/drtg~ A" F ni \ Boundary d 3 x. (2.14) 

^ J "J Boundary 

The boundary term is now 

SS B = \ j a„Sfd 3 x, (2.15) 

^ J Boundary 

so that we need to impose the boundary condition = 0; that is, fix the boundary 
value of jp. 

Defining B = |e^ p F up and E = F^ r , we have 

= e» vp d u a p + e» vp d v j p z, E* = f z 2 . (2.16) 

The two sets of boundary conditions then correspond to either setting = while 
leaving a M unrestricted, or setting _E> M = while leaving j M unrestricted. 

At this point we note that a M , are naturally identified, respectively, with a dy- 
namical gauge field and a global current in the boundary. In accordance with this 
identification, eq. (12.111) and the usual AdS/CFT prescription shows each field to 
have the correct scaling dimension for this interpretation: for a gauge field A(a jU ) = 1, 
while for a global current A(j M ) = 2. Therefore, the quantization E^ = is dual to a 
boundary CFT where the U(l) gauge field is dynamical; while the quantization 5^ = 
is dual to a boundary CFT where the U(l) is ungauged and is instead a global sym- 
metry. Furthermore, as discussed in [18] for the scalar counterpart, once the improved 
action is taken into account the two quantizations are Legendre transformations of one 
another [70] , as can be seen by e.g. computing the free energy in each case. 

One can consider electric-magnetic duality in the bulk theory, which exchanges E^ <-> 
B^ thus exchanging the two boundary conditions for the AdS± gauge field quantization. 
This action translates in the boundary theory into the so-called S operation [22]. This 
is an operation on three-dimensional CFTs with a global U(l) symmetry, taking one 
such CFT to another. In addition, it is possible to construct a T operation, which 
amounts, from the bulk perspective, to a shift of the bulk #-angle by 2tt. Following 
[22], we can be more precise in defining these actions in the boundary CFT. Starting 
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with a three-dimensional CFT with a global U(l) current J M , one can couple this global 
current to a background gauge field A resulting in the action S[A}. The S operation 
then promotes A to a dynamical gauge field and adds a BF coupling of A to a new 
background field B, while the T operation instead adds a CS term for the background 
gauge field A: 



As shown in [22], these two operations generate the group SX(2, Z)Jj In turn, as 
discussed above, the S and T operations have the bulk interpretation of exchanging 
-H- Bfj, and shifting the bulk #-angle by 2n, respectively. It is important to stress 
that these actions on the bulk theory change the boundary conditions. Because of this, 
the dual CFTs living on the boundary are different. 

2.3.2 Boundary conditions and sources for gauge fields: M5 branes in toric 
manifolds 

We are interested in gauge symmetries in AdS± associated to the topology of Y; that 
is, arising from KK reductions as in (12.101) . All Kaluza-Klein modes, and hence their 
dual operators, carry zero charge under these &2OO U(l) symmetries. However, there 
are operators associated to wrapped M branes that do carry charge under this group. 
In particular, an M5 brane wrapped on a five-manifold £5 C Y, such that the cone 
£(£5) is a complex divisor in the Kahler cone C(Y), is supersymmetric and leads to a 
BPS particle propagating in AdS^. Since the M5 brane is a source for G, this particle 
is electrically charged under the 62 00 massless U(l) gauge fields Ai. One might also 
consider M2 branes wrapped on two-cycles in Y. However, such wrapped M2 branes are 
supersymmetric only if the cone C(E 2 ) over the two-submanifold S 2 C Y is calibrated 
in the Calabi-Yau cone, and there are no such calibrating three-forms. Thus these 
particles, although topologically stable, are not BPS. They are magnetically charged 
under the U(l) h2 ^ gauge fields in AdS 4 [2H]. 

As discussed above, the AdS/CFT duality instructs us to choose, for each U(l) 
gauge field, a set of boundary conditions where either or B^ vanishes. Clearly, 
only the latter possibility allows for the existence of the SUSY electric M5 branes, 
otherwise forbidden by the boundary conditions. In turn, this quantization leaves, in 

5 Even though we are explicitly discussing the effect of SX(2,Z) on the vector fields, since these 
are part of a whole Betti multiplet we expect a similar action on the other fields of the multiplet. We 
leave this investigation for future work. 




(2.17) 
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the boundary theory, the U(l) symmetry as a global symmetry. Therefore, in this 
case we should expect to find operators in the field theory that are charged under the 
global baryonic symmetries and dual to the M5 brane states. We turn to this point 
in the next section. We note that, with this choice of boundary condition, the role 
of the Betti multiplets is very similar to their AdS§ counterparts, giving rise to global 
baryonic symmetries in the boundary theory, and hence motivating the use of the same 
name in the case at hand. 

For toric manifolds there is a canonical set of such wrapped M5 brane states, where 
C(S 5 ) are taken to be the toric divisors. Each such state leads to a corresponding 
dual chiral primary operator that is charged under the U(l) b2 ^ Y ^ global symmetries 
and will also have definite charge under the t/(l) 4 flavour group dual to the isometries 
of Y . We refer the reader to the standard literature for a thorough introduction to 
toric geometry. However, the basic idea is simple to state. The cone C(Y) fibres over 
a polyhedral cone in M 4 with generic fibre U(l) 4 . This polyhedral cone is by definition 
a convex set of the form f"|{x • v a > 0} C IR 4 , where v a 6 Z 4 are integer vectors. This 
set of vectors is precisely the set of charge vectors specifying the U{1) subgroups of 
£7(1) 4 that have complex codimension one fixed point sets. These fixed point sets are, 
by definition, the toric divisors referred to above. The Calabi-Yau condition implies 
that, with a suitable choice of basis, we can write v a = (1, w Q ), with w a G Z 3 . If we 
plot these latter points in IR 3 and take their convex hull, we obtain the toric diagram. 



1 




Figure 1: The toric diagram for C(Q ul ). 

For the Q 111 example the toric divisors are given by taking S 5 = = 0} or 
^5 = {0i = 7r}, for any i — 1,2, 3, which are 6 five-manifolds in Y. The toric diagram 
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for Q 111 is shown in Figure [U where one sees clearly these 6 toric divisors as the 6 
external vertices. Notice that for Q lu the full isometry group may be used to rotate 
{6i = 0} into {9i = 71-}, specifically using the ith copy of SU(2) in the SU(2) 3 x U(1) R 
isometry group. In fact these two five-manifolds are two points in an S 2 family of such 
five- manifolds related via the isometry group. Similar comments apply also to Q 222 . 

3 Baryonic symmetries in QCS theories 

In the previous section we discussed the role of vector fields in AdS±. In particular, we 
have shown that there is a choice of boundary conditions where the Betti multiplets 
corresponding to (I2.10p are dual to global currents in the boundary theory. From the 
bulk perspective, this translates into the possibility of having electric M5 brane states 
in the theory, in a consistent manner. On general grounds, we expect these states to be 
dual to certain operators in the boundary theory charged under the global U{l) b2 ^ Y \ 
In this section we turn to a more precise field theoretic description of this. We begin 
with a brief review of the U(N) theories considered in the literature, before turning to 
our C(Q 1U ) example and considering the role of the abelian symmetries in this case. 



Let us start by considering the Yl a =i U (N a ) theories. The Lagrangian, in J\f = 2 
superspace notation, for a theory containing an arbitrary number of bifundamentals 
X a b in the representation (D a , □&) under the (a, 6)-th gauge groups and a choice of 
superpotential W, reads 



Here fc„ 6 Z are the CS levels for the vector multiplet V a . For future convenience we 
define k = gcd{k a }. 

The classical vacuum moduli space (VMS) is determined in general by the following 



3.1 U(N) QCS theories 




(3.1) 
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equations jH [TO] 



G G 



d Xh w = o 



H>a ■— — ^1 Xb a Xba + X ac X ac — — , 

* — ' z — ' Z7T 

6=1 c=l 

°aX ab -X ah (7 b = 0, (3.2) 

where <r a is the scalar component of V a . Following [9], upon diagonalization of the 
fields using SU(N) rotations, one can focus on the branch where o a = a, Va, so that 
the last equation is immediately satisfied Under the assumption that ^2 a=1 k a = 0, 
the equations for the moment maps « a boil down to a system of G — 2 independent 
equations for the bifundamental fields, analogous to D-term equations. Since for toric 
superpotentials the set of F-flat configurations, determining the so-called master space, 
is of dimension G + 2, upon imposing the G — 2 D-terms and dividing by the associated 
gauge symmetries we have a dimc-M = 4 moduli space M. where the M2 branes move. 

However, due to the peculiarities of the CS kinetic terms, extra care has to be taken 
with the diagonal part of the gauge symmetry. At a generic point of the moduli space 
the gauge group is broken to iV copies of U{1) G . The diagonal gauge field Eg = 
Yla=i is completely decoupled from the matter fields, and only appears coupled to 
B G -i = k' 1 J2a=i k aA a through 

S(B G ) = ^J (fio-i)p ^ {GgU ■ (3.3) 

Since Bq appears only through its field strength, it can be dualized into a scalar r. 
Following the standard procedure, it is easy to see that integrating out Qg = dBc sets 

B G -! = jdr, (3.4) 

such that the relevant part of the action becomes a total derivative 

S(B G ) = J ■ (3.5) 

Around a charge n G Z monopole in the diagonal U(l) gauge field Bq we then have 
/ Q G = 27rGn, so that r must have period 2k /G in order for the above phase to 
be unobservable j9]. Gauge transformations of B G -i then allow one to gauge-fix r 



6 We stress that there might be, and indeed even in the Q 111 example there are, other branches of 
the moduli space where the condition a a = a for all a is not met, and yet still the bosonic potential 
is minimized. 
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to a particular value via ( 13 .4p . but this still leaves a residual discrete set of Z& gauge 
symmetries that leave this gauge choice invariant. The space of solutions to ( 13. 2\\ is then 
quotiented by gauge transformations where the parameters 9 a satisfy Yla=i ®a, = 0, 
together with the residual discrete gauge transformations generated by 8 a = 2n/k 
for all a. Altogether this leads to a U(1) G ~ 2 x Z^ quotient. We refer to |9J for further 
discussion, and to [27j for a discussion in the context of the Q 111 theory in particular. 

An alternative point of view has recently appeared in the literature [HJ [12], in 
which the existence of two special monopole operators T, T is noted. These monopole 
operators, which have charges ±(fc 1; ■ • • , k G ) respectively under each gauge group, are 
conjectured to satisfy a relation in the chiral ring of the form T T — 1 . In this approach 
the moduli space is defined as the chiral ring of the abelian theory enhanced by the 
operators T,T, together with the constraint. 

3.2 The C{Q 1U ) theory 

3.2.1 The theory and its moduli space 

A field theory candidate dual to M2 branes probing C(Q 1U )/Zk was proposed in [26] 
and further studied in [27]. The proposal in those references is a £/(./V) 4 Chern-Simons 
gauge theory with CS levels (k, k, —k, —k), with matter content summarized by the 
quiver in Figure [3 




k 

Figure 2: The quiver diagram for a conjectured dual of C(Q U1 ). 

In addition, there is a superpotential given by 

W = Tr(c 2 B 1 A 1 B 2 C 1 A 2 - C 2 B 1 A 2 B 2 C X Ai) . (3.6) 

As expected for a field theory dual to iV point-like branes moving in C(Q m )/Zfc, the 
moduli space contains a branch which is the symmetric product of iV copies of this 
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conical singularity. To see this, let us begin with the abelian theory in which all the 
gauge groups are £7(1). As shown in [27], after integrating out the auxiliary a scalar 
the geometric branch of the moduli space with k — 1 is described by G — 2 = 2 D-term 
equations. Recalling the special role played by Bq-x = B 3 , Bq = i3 4 , it is useful to 
introduce the following basis for the U(l) gauge fields: 



Aj 
B 3 



l {Ai-A 2 + A 3 -Ai), A n = ^{Ai 



2 

A, 



A2-A3 + Aa) 



A2-A3-A4, B A = Ai + A 2 + A 3 + M . 
Then the two D-terms to impose are those for Aj, An. In turn, the charge matrix is 





Ax 


A 2 


Bi 


B 2 


Ci 


c 2 


U(l)i 


1 


1 








-1 


-1 


U(l)n 


-1 


-1 


1 


1 








U(1)b 3 








-2 


2 


-2 


2 


U(1)b 4 





















(3.7) 



Notice the appeareance of the SU(2) 3 global symmetry, under which the pairs Ai, Bi, 
Ci transform as doublets under each of the respective factors. 

Since for the abelian theory the superpotential is identically zero, one can determine 
the abelian moduli space by constructing the gauge- invariants with respect to the gauge 
transformations for Aj, An- Borrowing the results from [27], for CS level k = 1 these 
are 



wi = A x B 2 Cx , w 2 = A 2 Bx C 2 , w 3 = Ax B x C 2 , w 4 = A 2 B 2 C x , 
w 5 = Ax Bx Cx , w 6 = A 2 Bx Cx , w 7 = Ax B 2 C 2 , w s = A 2 B 2 C 2 ■ 

One can then check explicitly that these satisfy the 9 relations defining C(Q 1U ) 
affine variety: 



(3i 



as an 



Wx w 2 — w 3 W4 
Wx w 3 — w 5 w 7 

W 2 W4 - Wq W 8 



Wx w 2 - w 5 w s 
Wx Wq — Wi w 5 

w 2 w 5 - w 3 w 6 







Wx W 2 — Wq W 7 
Wx W$ — U> 4 W 7 — .. , . 

w 2 w 7 — w 3 w& = . 







(3.9) 



This is an affine toric variety, with toric diagram given by Figure [TJ Indeed, we also 
notice that for the abelian theory the description of the moduli space as a U(l) 2 Kahler 
quotient of C 6 with coordinates {Ai, Bi, Ci} is precisely the minimal gauged linear sigma 
model (GLSM) description. Thus the 6 toric divisors in Figure HJ discussed in §2.31 
are defined by {A, = 0}, {Bi = 0}, {d = 0},i = 1, 2. 
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For CS level k > 1 one obtains an M = 2 supersymmetric C U(1)b g _ 1 orbifold of 
C(Q U1 ). Notice that {wi | i = 1, . . . ,4} are invariant under this action, while {w^,wq} 
and {u>7,u>s} are rotated with equal and opposite phase. On the other hand, for the 
non-abelian theory with N > 1 it was shown in [27] that for large k, where the use 
of still poorly-understood monopole operators is evaded, upon using the F-terms of 
the full non-abelian superpotential (13.61) the chiral ring matches that expected for the 
corresponding orbifold. In this case the chiral primaries at the non-abelian level are 
just the usual gauge-invariants given by 



An important subtlety in this theory is that U(1)b g _ 1 does not act freely on Q U1 : it 
fixes two disjoint copies of S 3 inside Q 111 , as explained in [UJ. Indeed, using (13. 7p one 
sees that the corresponding two cones C 2 = C(S 3 ) are parametrized respectively by 
{101,104} and {w2,w^}, with in each case all other Wj = 0. Thus for k > 1 the horizon 
Y = Q 111 /Zfc has orbifold singularities in codimension four. This means that the 
SUGRA approximation cannot be trusted for k > 1. In fact these are A^-i singularities 
which can support "fractional" M2 branes wrapping the collapsed cycles, and one 
expects an SU {k) gauge theory to be supported on these S 3 s. A different perspective 
can be obtained by interpreting U(1)b g _ 1 as the M-theory circle and reducing to Type 
IIA. This results in k D6 branes wrapping these two S 3 submanifolds. From now on 
we will therefore assume that k — 1. 

3.2.2 Gauged versus global abelian subgroups and SX(2,Z) 

At k — 1 the orbifold identification due to the CS terms is trivial. Indeed, in this case 
there is no real distinction between U(N) and SU (N) x U(l) gauge groups, as discussed 
in [31 EU [25] for the ABJM theory and orbifolds of it. We shall argue that ungauging 
some of the t/(l)s is dual to a particular choice of boundary conditions on the gravity 
side. That is, we apply the general discussion in §2.31 to the b 2 (Q ul ) — 2 U(l) gauge 
fields, and argue that the associated U(l) symmetries are those in SU(N) x U(l), for 
appropriate gauge group factors. This raises the important problem of how to identify 
the relevant two U(l) symmetries dual to the Betti multiplets in the QCS theory 
proposed above. The key is to recall that the boundary conditions which amount to 
ungauging these U(l)s in turn allow for the existence of supersymmetric M5 branes 
on the gravity side. As discussed in §2.31 from an algebro-geometric point of view the 



r 




Xr = A i B 2 C l . 



(3.10) 



a=l 
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corresponding divisors are easy to identify. In turn we notice that, for the abelian 
theory, the fields {Ai, Bi,Ci} are also the minimal GLSM coordinates. Setting each to 
zero therefore gives one of the 6 toric divisors that may be wrapped by an M5 brane. 
The charges of the resulting M5 brane states under U(l) b2 ( Y ^ are then the same as 
the charges of these fields under the U(l)j x U(l)n we quotient by in forming the 
abelian moduli space - this was shown for the D3 brane case in [Tj5], and the same 
argument applies here also. This strongly suggests that the gauge symmetries U(l)i, 
U{l)n should in fact be dual to the Betti multiplets discussed in §2.31 

Once we have identified the relevant abelian symmetries, we can consider acting with 
the S and T operations. We schematically write the action of the U(N) 4 Q 1U theory 
(which we will denote as Sy), separating the U(l) sector from the rest, as 

Su ~ J B 3 A dB 4 + Ai A dA n + J C R , (3.11) 

where J Cr stands for the remaining terms. We can then consider a theory without 
the gauge fields Ai, An, constructed schematically as Ssu — J &3 A d£>4 + / Cr. By 
construction, this theory has exactly 2 global symmetries satisfying all the properties 
expected as dual to Betti multiplets. Following [22], we can introduce a background 
gauge field for one of them, which we can call Ai. Then, as reviewed in §2.31 the 
5-operation amounts to regarding this field as dynamical, while at the same time 
introducing a coupling to another background field Cj as 

S su -> Ssu[Ai] + JdAdAi. (3.12) 

We can introduce yet another background gauge field An for the second global symme- 
try and perform yet another iS-operation. However, this time we will choose to regard 
Cj — An as the background gauge field on which to act with the iS-generator. This 
results in 

Ssu[Ai] + J Ci A dAi -> S su [Ai, An] + J^AdA^ J C n A d{d - A u ) . (3.13) 

Integrating by parts yields 

S su [Ai, An] + J d A d(C H +Aj)- J C n A dA n • (3.14) 

Since Cj only appears linearly, its functional integral gives rise to a delta functional 
setting Cn = —Ai, which leads to an action of the precise form (13. lip . We have 
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therefore been able to establish a connection between a theory where the gauge group 
is U(l) 2 x SU(N) 4 , and whose action is Ssu, with the original U^N) 4 theory, whose 
action is given by Su, via repeated action with the iS-operation. 

More generally, the whole of SL(2, Z) will act on the boundary conditions for the 
bulk gauge fields, leading in general to an infinite orbit of CFTs for each U{1) gauge 
symmetry in AdS^. This is a rich structure that deserves considerable further investi- 
gation. In this paper, however, we will content ourselves to study the particular choice 
of boundary conditions described by the Ssu theory. Since the dual to the S operation 
is the exchange of the -h- £> m boundary conditions, we expect the gravity dual to 
the Ssu theory to still be AdS^ x Q 111 , but with an appropriate choice of boundary 
conditions. In turn, these boundary conditions allow for the existence of the electrically 
charged M5 branes which we used to identify the symmetries. These M5 branes would 
not be allowed in the quantization = 0, which in turn would be dual to a CFT 
where the corresponding U(l) factors would remain gauged. In agreement, the dual 
operators which we will propose below would not be gauge-invariant in that case. 

Let us now consider the effect of the U{1) 2 x SU (N) gauge group on the construction 
of the moduli space. The diagonalization of the a a auxiliary fields in the equations 
defining the moduli space ( 13 .2p relies on the non-abelian part of the gauge symmetry, 
and therefore it applies even if we consider ungauging some of the diagonal U(l) factors. 
More crucially, in order to obtain the correct four-fold moduli space we needed the 
S{Bi) piece (13. 3p of the CS action so that, upon dualizing the £? 4 field, the dual scalar 
r is gauge- fixed via gauge transformations of £> 3 . Thus provided we leave i3 4 and B 3 
gauged, with the same CS action, all of this discussion is unaffected if we ungauge the 
remaining £7(1)/, U(l)n. Correspondingly, we will still have the 8 gauge-invariants 
(13. 8p . which will give rise to the same 9 equations defining C(Q U1 ) as a non-complete 
intersection as "mesonic" moduli space. The remarks on the non-abelian chiral ring 
elements spanned by (I3.10p are also unchanged. However, with only a U(l)s 3 x U (1)b 4 x 
SU(N) A gauge symmetry we also have additional chiral primary operators, charged 
under the now global U(l)i, U(1)jj. Indeed, we have the following "baryonic" type 
operators: 

^M x ...i N = jy[ el1 lN e ji-jN (^i)i 1 ' ' ' (A In ){* , 

= ^^ tN ^ N (c^---m:j { - lY ~ 1Nr ■ (3.i5) 
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In particular, for the 6 fields in the quiver there is a canonical set of 6 baryonic op- 
erators given by determinants of these fields, dressed by appropriate powers of the 
disorder operators e 1T to obtain gauge- invariants under B3. These operators are in 1-1 
correspondence with the toric divisors in the geometry. This is precisely the desired 
mapping between baryonic operators in the field theory and M5 branes wrapping such 
toric submanifolds, with one M5 brane state for each divisor. Indeed, the charges of 
these operators under the two baryonic U{l)s are 







a* 




U(l)i 


N 





-N 


U(l)n 


-N 


N 






These are precisely the charges of M5 branes, wrapped on the five-manifolds corre- 
sponding to the divisors {A { = 0}, = 0}, {Q = 0}, under the two U(l) b2(Y) 
symmetries in AdS±. Indeed, recall that the two two-cycles in Q 111 may be taken to 
be the anti-diagonal S 2 s in two factors of CP 1 x CP 1 x CP 1 , at ip — 0. Let us choose 
these to be the anti-diagonal in the first and third factor, and second and first factor, 
respectively. The charge of an M5 brane wrapped on a five-cycle S 5 C Y under each 
U(l) is then the intersection number of S 5 with each corresponding two-cycle. Thus 
with this basis choice, the charges of the operator associated to an M5 brane wrapped 
on the base of one of the 6 toric divisors {Ai = 0}, {Bi = 0}, {Ci = 0} are precisely 
those listed in the above table. 

Being chiral primary, the conformal dimensions of these operators are given by 
N A[X] = N R[X], R[X] being the R-charge of the field X. The conformal dimension 
of an M5 brane wrapping a supersymmetric five-cycle £5 C Y is given by the general 
formula [45J 

iVTryolgs) 

A[Ss] = 6vol(F) • (3 ' 16) 



These volumes are easily computed for the Q 111 metric (12.81) : vol(<5 m ) = z |-, vol(S 5 ) = 
z j-, where £5 is any of the 6 toric five-cycles. From this one obtains A [£5] = y in 
each case, giving conformal dimensions A[X] = | for each field. With this R-charge 
assignment we see that the superpotential (I3.6P has R-charge 2, precisely as it must 
at a super conformal fixed point. Indeed, the converse argument was applied in jl6] to 
obtain this R-charge assignment. We thus regard this as further evidence in support 
of our claim in this section, as well as further support for these theories as candidate 
SCFT duals to AdS 4 x Q 1U . 
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3.3 QCS theories dual to isolated toric Calabi-Yau four-fold 
singularities 

We would like to apply the preceding discussion to more general Af = 2 CS-matter 
theories dual to M2 branes probing Calabi-Yau four-fold cones. With the exception of 
C 4 , the apex of the cone always corresponds to a singular point p in the toric variety. 
The simplest class of such singularities occurs when this singular point p is isolated; 
that is, when no other singular loci intersect it. In this case the base of the cone Y is a 
smooth Sasakian seven-manifold. The condition for the singular point p to be isolated 
was given in jl?] and interpreted in terms of the toric diagram in [18] . 

An additional ingredient is the possible presence of vanishing six-cycles at the tip of 
the cone. In terms of the toric data, these six-cycles are signalled by internal lattice 
points in the toric diagram. These codimension 2 cycles, in very much the same spirit 
as their four-cycle Type IIB counterparts (see e.g. [H]), represent a further degree of 
complexity. We postpone the analysis of geometries with exceptional six-cycles to £j5j 

We study such isolated Calabi-Yau singularities without vanishing six-cycles in more 
detail in £jAJ in particular classifying the singularities with 4 or 5 external vertices in 
the toric diagram. In the cases where a Lagrangian description of the M2 brane theory 
exists, it turns out that for all these cases one can construct an appropriate toric 
superpotential, so that there is a toric gauge theory which realizes at the abelian level 
the minimal GLSM. This toric gauge theory has &2(Y) + 2 gauge group factors, and 
can be promoted to have U(N) gauge groups. Such quiver Chern-Simons theories have 
been considered in the past in P, [26J HE]. 

We would like to generalize our proposal to this simplest class of isolated singulari- 
ties with no vanishing six-cycles. Indeed, we expect that a similar sequence of T and 
S operations amounts to ungauging of precisely U(l) factors. In very much the 

same spirit as in the C(Q U1 ) example, this should correspond to a particular choice of 
boundary conditions in the dual AdS±. Furthermore, we conjecture the gauge group to 
be U(l) 2 x SU (iV) &2 ( y ) +2 , the two U (1) factors being those corresponding to the Eg and 
Bg-i g au g e fields. This way we are naturally left with b 2 (Y) global U(l) symmetries 
which exactly correspond to the b 2 {Y) expected U(l) baryonic symmetries. Further- 
more, the M5 branes would be naturally identified with the corresponding baryonic 
operators, constructed in a similar manner as in the C(Q U1 ) example. 

As a final remark, for the Q U1 case one can see that the total moduli space can 
be described as two extra complex directions that are fibred over the mesonic moduli 
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space. The resulting variety is often called the master space. More generally one can 
see that the moduli spaces of the class of theories that we described above can be 
described as bz(Y) baryonic directions fibred over the mesonic moduli space. This is 
implied by the fact that the number of gauge nodes in these theories is 62 (^) + 2. 

4 Gravity duals of baryonic symmetry breaking 

In §2.31 we explained that for each U(l) gauge field in AdS^, arising from reduction of 
Cq along five-cycles in Y, there are two different AdS quantizations: one of these gives 
rise to a conserved U(l) current in the dual CFT, while the other instead gives rise to 
a dynamical U(l) gauge field. As discussed in §2.3[ in this paper we content ourselves 
with studying the quantization which is more closely analogous to the case in Type IIB 
string theory, in which the b 2 (Y) baryonic U(l) gauge fields (12.101) in AdS± are dual 
to conserved currents in the dual SCFT. As we have argued, in this theory M5 branes 
wrapped on supersymmetric cycles in Y should appear as chiral primary baryonic-type 
operators in the dual SCFT. Indeed, at least for toric theories with appropriate smooth 
supergravity horizons Y we expect the dual SCFT to be described by a QCS theory 
with gauge group U(l) 2 x SU(N) b2 ^ Y ' +2 . The M5 brane states are then the usual 
gauge-invariant determinant-like operators in these theories, as we discussed in detail 
for the Q 111 theory in the previous section. 

We may then study the gravity duals to vacua in which the &2OO global U(l)s are 
(spontaneously) broken. On general grounds, these should correspond to supergravity 
solutions constructed from resolutions of the corresponding cone over Y. The baryonic 
operators are charged under the global baryonic symmetries, and vacua in which these 
operators obtain a VEV lead to spontaneous symmetry breaking. By giving this VEV 
we pick a point in the moduli space of the theory, which at the same time introduces a 
scale and thus an RG flow, whose endpoint will be a different SCFT. The supergravity 
dual of this RG flow was first discussed in the Type IIB context by Klebanov-Witten 
|18j . and to some extent in the M-theory context in [18]. In this section we begin by 
discussing in detail these gravity solutions for the case of Q . The physics in fact 
very closely resembles the physics in the Type IIB context. We then describe how to 
generalize this discussion for general Calabi-Yau four-fold singularities. In particular, 
we will obtain a general formula for M5 brane condensates, or indeed more generally 
still a formula for the on-shell action of a wrapped brane in a warped Calabi-Yau 
background. Essentially this formula appeared in [50J, where it was checked in some 
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explicit examples. Here we provide a general proof of this formula. 

We emphasize that the interpretation of the gravity backgrounds considered in this 
section is only for the special choice of dual CFT in which the &2OO baryonic U(l) 
gauge fields in AdS^ are dual to global symmetries in the dual SCFT. More generally, 
different choices of boundary conditions will imply that some, or all, of the M5 brane 
states considered here are absent. It is then clearly very interesting to ask what is the 
dual field theory interpretation of these gravity backgrounds in such situations. Again, 
we leave this for future work. 

4.1 Resolutions of C{Q 1U ) 

In this section we consider the warped resolved gravity backgrounds for Q 111 . We 
begin by discussing this in the context of the GLSM, and then proceed to construct 
corresponding explicit supergravity solutions. 

4.1.1 Algebraic analysis 

The toric singularity C(Q U1 ) may be described by a GLSM with 6 fields, a«, bi, Ci, 
i — 1,2, and gauge group U{1) 2 . This is also the same as the abelian QCS theory 
presented in £j3j but without the CS terms. The charge matrix is 





a\ a 2 bi 


b 2 


Cl 


c 2 




-1 -1 1 


1 










-1 -1 





1 


1 



The singular cone C(Q 1U ) is the moduli space of this GLSM where the FI parameters 
Ci = C2 = are both zero. However, more generally we may allow Ci; C2 £ leading 
to different (partial) resolutions of the singularity. In fact since there are no internal 
points in the toric diagram in Figured] this GLSM in fact describes all possible (partial) 
resolutions of the singular cone. 

It is straightforward to analyse the various cases. Suppose first that Ci>C2 > are 
both positive. We may write the two D-terms of the GLSM as 

N 2 + N 2 = Ci + l«i| 2 + |a 2 | 2 > , 

|ci| 2 +|c 2 | 2 = C2+ K| 2 + H 2 > • (4.2) 

In particular, for a± = a 2 = we obtain CP 1 x CP 1 where the Kahler class of each 
factor is proportional to £i and £ 2) respectively. Here 6, and q may be thought of as 
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homogeneous coordinates on the CP 1 s. Altogether, this describes the total space of the 
bundle -1) © -1) ->■ CP 1 x CP 1 , with ai, a 2 the two fibre coordinates on 

the C 2 fibres. 

Suppose instead that £1 < 0. We may then rewrite the D-terms as 



I I 2 I I 2 

+ |«2 1 

I 12 i I 12 
c l + c 2 



G + N 2 + N 2 >o, 

2 I 



C 2 -Ci + N 2 + lfr' 2 



(4.3) 



Provided also C2 — Ci > 0, we hence obtain precisely the same geometry as when 
Ci, C2 > 0, but with the CP 1 x CP 1 zero section now parametrized by and c, and 
with Kahler classes proportional to — £i and Q2 — Ci) respectively. There is a similar 
situation with C2 < and Ci — C2 > 0. 



CP 2 collapses 



CP 3 collapses 



CP, collapses 



? =i <0 



Figure 3: The GKZ fan for Q 111 is M 2 , divided into three cones. 

Hence in total there are three different resolutions of C(Q 1U ), corresponding to choos- 
ing which of the three CP x s in Q 111 collapses at the zero section in 0{— 1, — 1) © 
£>(-l, -1) -> CP 1 x CP 1 . We label these three CP x s as CP 1 , a = 1, 2, 3, which in Q 1U 
are parametrized by 6j, a^, respectively. This is shown in Figure |3l which is known 
more generally as the GKZ fan. Notice there is a S3 permutation symmetry of the 
three CP x s in Q 111 and the three different resolutions are permuted by this symmetry. 

The boundary edges between the regions correspond to collapsing another of the 
CP x s, leading only to a partial resolution of the singularity. Thus, for example, take 
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Ci > but (2 = 0. The D-terms are now 



N 2 + N 2 


= Cl + I«l| 


1 |2 , I |2 
N + l C 2| 


= K 2 + |< 



(4.4) 

The second line describes the conifold singularity, which is then fibred over a CP 1 , 
parametrized by the b{ , of Kahler class (1 . 

4.1.2 Supergravity analysis 

For each of the resolutions of C(Q U1 ) described above there is a corresponding Ricci-flat 
Kahler metric that is asymptotic to the cone metric over Q 1U . More precisely, there 
is a unique such metric for each choice of Kahler class, or equivalently FI parameter 
Ci, C2 £ K- As we shall discuss later in this section, this is guaranteed by a general 
theorem that has only just been proven in the mathematics literature. However, for 
Q 111 these metrics may in fact be written down explicitly. Denoting the (partially) 
resolved Calabi-Yau generically by X, the Calabi-Yau metrics are given by 

ds 2 (X) = /t (r)' 1 dr 2 + K (r) ^ (cty + ^ cos ftdfr) " + (2 ° ± ^ (dfl 2 + sin 2 2 d0 2 ) 



i=l 



^ (26 + r 2 



2 

■ (d# 2 + sin 2 # 3 d0 2 ) + j (d9l + sin 2 W?) , (4.5) 



where 



(2A_ + r 2 )(2A. 



r 



2^ 



K ( r ) = i 2Woh i 2^ ' ( 4 - 6 ) 

(2a + r z )(2b + r z ) 
a and b are arbitrary constants, and we have also defined 

At = - (2a + 2b± V^a 2 - lOab + Ab 2 ) . (4.7) 

One easily sees that at large r the metric approaches the cone over the Q 1U metric flZB) . 
This way of writing the resolved metric breaks the E3 symmetry, since it singles out the 
CP 1 parametrized by (9\, 4>\) as that collapsing at r = 0. Here we have an exceptional 
CP 1 x CP 1 , parametrized by (#2, ^2), (O3, ^3), with Kahler classes proportional to a > 
and b > 0, respectively. Thus setting {a = 0, b > 0}, or {b = 0, a > 0}, leads to a 
partial resolution with a residual CP 1 family of conifold singularities at r = 0. We 
shall examine this in more detail below. For further details of this solution we refer 
the reader to 
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We are interested in studying supergravity backgrounds corresponding to M2 branes 
localized on one of these resolutions of C(Q 1U ). We thus consider the following ansatz 
for the background sourced by such M2 branes 

ds 2 u = h-^ 3 ds 2 (R 1 ' 2 )+h 1 ^ds 2 (X) , 

G = d 3 x A dh- 1 , (4.8) 

where ds 2 (X) is the Calabi-Yau metric (14.51) . If we place N spacetime-filling M2 branes 
at a point y G X, we must then also solve the equation 

A x h[y] = ^^S 8 (x-y), (4.9) 
Vdetgx 

for the warp factor h = h[y]. Here A is the scalar Laplacian on X. Having the explicit 
form of the metric we can compute this Laplacian and solve for the warp factor to 
obtain the full supergravity solution. This is studied in detail in £}D] 

In the remainder of this subsection let us analyse the simplified case in which we 
partially resolve the cone, setting a = and b > 0. This corresponds to one of the 
boundary lines in the GKZ fan in Figure [HJ with the point on the boundary M>o labelled 
by the metric parameter b > 0. Here one can solve explicitly for the warp factor in 
the case where we put the N M2 branes at the north pole of the exceptional CP 1 
parametrized by (6*3, ^3); this is the point with coordinates y = {r = 0, 6*3 = 0}. Notice 
the choice of north pole is here without loss of generality, due to the SU (2) isometry 
acting on the third copy of CP 1 . We denote the corresponding warp factor in this case 
as simply h[y = {r = 0, #3 = 0}] = h. As shown in §D.3| h = h(r, #3) is then given 
explicitly in terms of hypergeometric functions by 



h(r,9 3 ) = J>,(r)P,(c O s0 3 ) , 
1=0 

/ 8fo \ 3(l+/3)/2 

Htir) = CA—A 2 F X + § + 1 + 3/3, -||) , (4.10) 



Sb \3(l+/3)/2 
V372J 

where Pi denotes the Zth Legendre polynomial, 



p = p(i) = \li + -i(! + i), (4.11) 



and the normalization factor C\ is given by 



Cl = 3 fJ, + ^J (\X (2l + l)R 6 , (4.12) 



2T(l + 3/3) \8b 
(2*l p )°N = 256 

6vol(Q m ) 3 p ' 1 j 
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In the field theory this solution corresponds to breaking one combination of the two 
global i7(l) baryonic symmetries, rather than both of them. This will become clear in 
the next subsection. The resolution of the cone can be interpreted in terms of giving an 
expectation value to a certain operator U in the field theory. This operator is contained 
in the same multiplet as the current that generates the broken baryonic symmetry, and 
couples to the corresponding {7(1) gauge field in AdS±. Since a conserved current has 
no anomalous dimension, the dimension of U is uncorrected in going from the classical 
description to supergravity [18]. According to the general AdS/CFT prescription [18], 
the VEV of the operator U is dual to the subleading correction to the warp factor. For 
large r we can write 

-A / 86 \ 3(l+/3)/2 

h(r,6 3 ) (-) fl(cos0 8 ) • (4-14) 

z=o 

Expanding the sum we then have 

, , „ , R 6 / 186 cos ^ 3 \ . 
h(r,9 3 )^^[l + —^ + -.-j . (4.15) 

In terms of the AdS^ coordinate z = r~ 2 we have that the leading correction is of 
order z, which indicates that the dual operator U is dimension 1. This is precisely 
the expected result, since this operator sits in the same supermultiplet as the broken 
baryonic current, and thus has a protected dimension of 1. Furthermore, its VEV is 
proportional to 6, the metric resolution parameter, which reflects the fact that in the 
conical (AdS) limit in which 6 = this baryonic current is not broken, and as such 
(U) = 0. 

The moduli space of the field theory in the new IR is equivalent to the geometry 
close to the branes. Recall that we placed the N M2 branes at the north pole {83 = 0} 
of the exceptional (#3, fa) sphere at r = 0. Defining ip = ip + 3 and introducing the 
new radial variables f = | #3, the geometry close to the branes becomes to 

leading order 

2 2 o 2 

ds 2 = dp 2 + ^ (di> + cos Wi) ~ + J ( d9 i + sin2 Wl) 

i=l 

2 

(d#! 2 + sin 2 + (d? 2 + f 2 d0 2 ) , (4.16) 

which is precisely the Ricci-flat Kahler metric of C(T U ) x C, in accordance with the 
discussion in the previous subsection. 
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4.2 Higgsing the Q field theory 

We have argued that the warped resolved supergravity solutions described in the previ- 
ous section are dual to spontaneous symmetry breaking in the SCFT in which the M5 
brane states appear as baryonic-type operators. Let us study this in more detail in the 
field theory described in £j3l In this SCFT the symmetries U(l)i and U{l)u in (13.71) 
are global, rather than gauge, symmetries, with the corresponding conserved currents 
coupling to the baryonic U(l) gauge fields in AdS^. By inspection of this charge matrix 
we conclude that it is possible to give a VEV to the Ai, Bi and fields. These VEVs 
then break the corresponding baryonic U(l) symmetries. In particular, by giving a 
VEV to any pair of fields (As, Bs or Cs) we break only one particular U(l) baryonic 
symmetry, leaving another combination unbroken. In this section we will examine the 
resulting Higgsings of the gauge theory obtained by giving VEVs to different pairs of 
fields, and compare with the gravity results of the previous section. 

As explained in §2J at each of the two poles for each copy of CP 1 in the Kahler- 
Einstein base of Q 111 , there is a supersymmetric five-cycle that may be wrapped by an 
M5 brane. Altogether these are 6 M5 brane states, corresponding to the toric divisors 
of C(Q 1U ). Each pair are acted on by one of the 577(2) factors in the isometry group 
S77(2) 3 x U(1)r, rotating one into the other. Quantizing the BPS particles in AdS^ 
one obtains dual baryonic-type operators given by (I3.15p . In particular, consider the 
M5 branes that sit at a point on the copy of CP 1 = S 2 with coordinates (83, (j)^). In 
the next section we will compute the VEV of these M5 brane operators in the partially 
resolved gravity background described by (|4.10p . showing that the baryonic operator 
dual to the M5 brane at #3 = vanishes, while that at the opposite pole 83 = it is non- 
zero and proportional to the resolution parameter b (see equation (14.261) ). Considering 
the A fields in the field theory this corresponds to the fact that, after breaking the 
baryonic symmetry by giving diagonal VEVs to these fields, it is possilbe to use the 
577(2) flavour symmetry to find one combination of A fields with zero VEV, and an 
orthogonal combination with non-vanishing VEV. Let us assume for example that 
(Ax) = and (A 2 ) = bI NxN . Thus only one baryonic operator in (13.151) has non- 
vanishing VEV, namely (&a 2 ) = & 7VAa2 Ij This situation was analyzed in [27], where 
it was shown that the effective field theory in the IR has CS quiver 

7 As anticipated in <j3j at the IR superconformal fixed point the dimensions of the chiral fields 
are expected to be different from the free field fixed point. That is why generically the VEV of the 
baryonic operator is {£%a 2 ) — b N Aa2 ■ 
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with superpotential 

W = Tr $ (c 2 Bi B 2 d - B 2 d C 2 bA . (4.17) 

As shown in [27], the moduli space of this theory is indeed C(T n ) x C. This is of course 
expected from the gravity analysis of equation (14.161) . Any other VEV for the A fields 
corresponds to placing the M2 branes on 5'[/(2)-equivalent points on the blown-up CP 1 , 
and therefore results in the same near horizon geometry. 

The manifest symmetry exhibited by the Lagrangian of the Q 111 field theory is 
SU(2) x U(1)r, which is only a subgroup of the full SU(2) 3 x U(1)r symmetry which 
is expected from the isometry of the Q 111 manifold. Therefore, in contrast to the 
situation with the A fields, we see that different VEVs for the pairs of B or C fields 
result in different theories in the IR. Giving a non- vanishing VEV to C\ and C 2 , for 
example, results in the CS quiver 
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with superpotential 

W = TtC 2 (a 2 B 1 B 2 A 1 - A 2 A 1 B 1 B 2 ^j . (4.19) 

Of course, both cases correspond geometrically to blowing up the same CP 1 , as can be 
seen from the explicit construction of the field theory moduli space. However, recall 
that the position of the M2 branes depends on the VEVs of C\ and C 2 . While in 
the gravity picture all locations on the exceptional CP 1 are S"?7(2)-equivalent, in the 
field theory since only part of the global symmetery is manifest we obtain different 
theories for different VEVs. The supergravity analysis hence suggests that the theories 
obtained in the IR above are dual. Indeed, one can check that the moduli spaces of 
these theories are the same, the details appearing in [51], for example. 

The QCS theory for C(T 11 ) x C in (14 . 1 8 j) has zero CS levels, and there is therefore no 
tunable coupling parameter in this theory. This may be understood as follows. After 
blowing up the cone to the partial resolution and placing the stack of M2 branes at 
a residual singular point on the exceptional CP 1 , the tangent cone geometry at this 
point is C(T n ) x C. In the field theory the S 1 that rotates the copy of C corresponds 
to the M-theory circle. Shrinking the size of this circle in the M-theory supergravity 
solution corresponds to a Type IIA limit describing a black D2 brane solution with no 
smooth near horizon. We should therefore not expect to find a dual field theory with 
a weak coupling limit. On the other hand, in the remaining two field theories (14. 17ft . 
( 14.191) for C(T n ) x C described in this section the M-theory circle involves a U(l) that 
acts also on C(T n )§ 

As a final comment in this section, notice that in general we will have an infinite 
set of CFTs dual to the Q 111 geometry, with different boundary conditions on the 
baryonic gauge fields ( 12.101) in AdS^. From our earlier discussion, these will have the 
same QCS theories in the SU(N) sector, but different U{1) sectors. In particular, in 
general different combinations of the diagonal U{l)s in U(N) may be gauged, and with 
different U(l) CS levels from the levels k a of the SU(N) factors. These U(l) sectors 
will in general behave differently under Higgsing. In particular, a global U(l) can 
be sponteneously broken, while a gauged U(l) can be Higgsed. It will be interesting 
to investigate this general structure in both the field theory and dual supergravity 
solutions, although we leave this for future work, focusing instead on the U(l) 2 x 
SU(N) 4 theory. 

8 The M-theory circle can be deduced by computing the orbifold action on the moduli space in 
each case. 
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4.3 Baryonic condensates and M5 branes in the Q 111 solution 

In the previous section we discussed the RG flow triggered by giving a VEV to one 
of the fields, and hence baryonic operators, in the Q 111 theory with gauge group 
U(l) 2 x ^[/(iV) 4 . In this section we calculate the VEV of this baryonic operator 
in the corresponding gravity solution described by (14.101) . In order to do this we follow 
the analogous calculation in the Type IIB context, discussed in [2Tj [29] . In this pre- 
scription, to determine the VEV of a baryonic operator dual to an M5 brane wrapped 
on a five-submanifold £5 C Y in the (partially) resolved supergravity background, we 
compute the Euclidean action of an M5 brane which wraps a minimal six-dimensional 
manifold in X which at large r asymptotes to the cone over £5. In this section we 
present an explicit example, although later we will present a general formula for such 
VEVs. 

Again, we focus on the partially resolved background for Q 111 described by (14.10p . 
We are interested in computing the VEV of the operator that was carrying charge 
under the baryonic symmetry before it was broken. As described in §2J this symmetry 
originates on the supergravity side to a mode (12.101) of the six-form potential C$ along 
a five-cycle in the Sasaki-Einstein manifold Q 1U . Consider a Euclidean M5 brane 
that is wrapped on the six-manifold at a fixed point in the (#3,^3) copy of CP 1 , and 
is coordinatized by {r, if), 1; 9 2 , <fii, 02 } in the partial resolution of C(Q 1U ). This six- 
manifold is a divisor in the partially resolved background, and hence this wrapped M5 
brane worldvolume is a calibrated submanifold. The M5 brane carries charge under 
the U(l) gauge field in AdS^ that descends from the corresponding harmonic five-form 
in Q 1U . We calculate the Euclidean action of this wrapped M5 brane up to a radial 
cut-off r = r c , identifying e -5 ^ with the classical field dual to the baryonic operator, 
as in [2H]. Explicitly, the action is given by 



S(r c )=T 5 / h a/ det g 6 d ( 

J r<r r 



x , (4.20) 



where T 5 = 2ir /(2n£ p ) 6 is the M5 brane tension, the warp factor h is given by (I4.10p . 
and det g§ is the determinant of the metric induced on the M5 brane worldvolume. 
This induced metric is 



dsg = K _1 dr 2 + (dip + ^ cos + "g ( d #2 + sin2 ^W^) 

i=l 

2 

+ ^(d^ + s in 2 wf) , (4.21) 
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where recall that n(r) is given by (14. 6p . A straightforward calculation hence gives 

r 5 sin Q\ sin 62 



v/det 



9g 



256 

Subtituting these results into (14.201) then gives 
T 5 



(4.22) 



S(r c 



256 

7T 3 Ti 



d0! d0 2 d0i d6 2 dif) sin X sin 6 2 / dr r 5 ^ Hi( r ) p i( c os 6- 



1=0 



1=1 



r 1 c 

drr 5 H (r) + ^2 dr r 5 Hi(r)Pi(cos9 3 



(4.23) 



Let us evaluate the integrals separately. The first diverges in the absence of the cut-off 



r c , since 



dr r 5 H (r) 



2 



+ log 



1 3r c 2 

1 + — r 

8b 



(4.24) 



The second integral is finite and can be calculated straightforwardly: 

(21 + 1) 

1 . 

- + log sin 



f OO - x - 

/ clrr 5 ^^(r)Pi(cos0 3 
Jo 1=1 



3R 6 



E 



3i? 6 



P(COS03) 
^3^ 



(4.25) 



Recall here that R is given by (14. 13[) . Subtituting these results into (I4.23[) then gives 



S(r c ) 



JN/18 



8b 
3r2 



(73 

sin — 

2 



A' 



(4.26) 



The interpertation of this result is along the same lines as the discussion in the case of 
the conifold in [29]. We will therefore keep our discussion brief and refer the reader to 



for further details. Since the AdS± radial coordinate is related to r as z 

N 



we 



see that the operator dimension is A = y, as anticipated by our field theory discussion. 
Indeed, this provides a non-trivial check of the R-charge assignment required for the 
theory to have an IR superconformal fixed point, supporting the conjecture that the 
theory is indeed dual to M2 branes moving in C(Q U1 ). 

For the remaining M5 branes, wrapped on Euclidean six-submanifolds at a point in 
either the (#i,0i) or (9%, fa) copies of CP 1 , we note that e~ s ^ Tc ^ = 0. This is simply 
because the M5 brane worldvolumes intersect the M2 brane stack on the exceptional 
CP 1 parametrized by (#3, 03 ) in these cases, and hence the worldvolume action ( 14.20p 
is logarithmically divergent near to the M2 branes - for further discussion of this in 
the D3 brane case, see [21J. Thus the dual gravity analysis of the partially resolved 
supergravity solution is in perfect agreement with the proposed Q 111 field theory, at 
least with the boundary conditions we study in this section. 
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4.4 Wrapped branes and the phase of the condensate 

In the resolved, or partially resolved, geometry one can consider various different kinds 
of stable wrapped branes in the r ~ region. These shed further light on the physical 
interpretation of the supergravity solutions. 

In the fully resolved case with a > and b > one could consider an M5 brane 
wrapping the exceptional CP 1 x CP 1 at r = and filling the spacetime directions Xq, 
x\. This is a domain wall in the Minkowski three-space in (14. 8p . Its tension, given by 
the energy of the probe brane, is 

-EM5 = T^ail = — 77 — • (4.27) 
lo 

Notice that the warp factor cancels out in this computation, and the brane remains of 
finite tension even if the stack of M2 branes is placed at r = 0. 

Of more interest for us is to consider an M2 brane wrapping an exceptional CP 1 , 
either in the resolved or partially resolved background. In the former case notice there 
are homologically two choices of such CP 1 inside CP 1 x CP 1 at r = 0. Again, in 
either case this is a calibrated cycle. This leads to a point particle in the Minkowski 
three-space, moving along the time direction Xq, whose mass is 

bT 2 7i 

E M 2 = «Vi n t = . (4.28) 

Again, its energy remains finite even when the M2 brane stack is at r = 0. This 
wrapped M2 brane is the analogue of the global string that was discussed in [30] for 
the conifold theory in Type IIB. In our case the worldline of this point particle is linked 
by a circle, as it lives in a three dimensional spacetime. As we shall explain below, 
there are certain light fields/particles that have monodromies around this circle. 
Consider three-form fluctuations of the form 

5C 3 = A A , (4.29) 

where (3 is a two-form on the Ricci-flat Kahler manifold X, and *8 denotes the Hodge 
dual on X. Demanding that A is a massless gauge field in the Minkowski three-space 
leads to the equations 

d/3 = 0, d(/i* 8 /3) = 0. (4.30) 

In particular (3 is closed and hence defines a cohomology class in H 2 (X, R) ; we shall 
be interested in the case where this class is Poincare dual to the two-cycle wrapped by 
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the particle-like M2 brane. In three dimensions the gauge field A is dual to a periodic 
scalar, which can be identified as the Goldstone boson of the spontaneous symmetry 
breaking. Indeed, the M2 particle is a magnetic source for this pseudoscalar. The 
pseudoscalar modes will therefore have unit monodromy around a circle linking the 
M2 particle worldline. As in [30], this Goldstone boson is expected to appear as a 
phase, through the Wess-Zumino action of the Euclidean M5 brane, in the baryonic 
condensate. We shall see that this is indeed the case. 

It thus remains to construct appropriate two-forms (3 satisfying ( 14 . 3 [) in the warped 
resolved backgrounds for Q 111 . This will occupy us for the remainder of this subsection. 
It will turn out to be simpler to use the metric in form given in (IB. 13[) . which we 
reproduce here for convenience: 



where 



ds 2 = U^dg 2 + Ug (dip + cos Wi) + ( l l + o) ( de l + sin2 ^ 

+ (/ 3 2 + g) (dOl + sin 2 3 #l) + q (dOl + sin 2 l( ty?) , (4-31) 

TT( x _ 3g 3 + 4g 2 (q + iD+Qiiqg 

{g) ~ 6(l 2 2 + g)(l 2 3 + g) ■ {A - 62) 



The constants l 2 , h are related to the constants a, b in ( 14. 5ft via a — 4Z|, b = Al 2 . 
4.4.1 Harmonic forms: unwarped case 

As a warm-up, we begin with the unwarped case in which the warp factor h = 1. It is 
convenient to introduce the following vielbein 

3 

e 9i = d9i, = sin^d^, g 5 = dtp + ^Jcos^d0i • (4.33) 

8=1 

A natural ansatz for two two-forms % = 2,3, is then 

A = e Bi A + d{f i95 ) , 2 = 2,3, (4.34) 

where is a function of the radial coordinate g. Without loss of generality we will 
focus on the case i — 2 and, in order not to clutter notation, drop the subscript in /j. 
After some algebra one finds the following equation for / 

Q(Q + lj) n _ n (g+J|Kg+i|) f (Q + ll)Q f 
(g + l 2 ) { J) g 1 (g + ll) J 

+d g (g(g + l 2 2 )(g + l 2 3 )dj^=0. (4.35) 
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Since the corresponding SC^ fluctuation in (I4.29P couples to the M2 brane wrapped 
over the CP 1 at g = 0, j3 should approach here the volume form of the finite sized CP 1 . 
For this we require the boundary condition that f(g = 0) vanishes. On the other hand, 
as we will see later, in the large g region /3 should asymptote to a harmonic two-form 
u>2 on the singular cone. 

It turns out that equation (I4.35P can be solved exactly. Using the above boundary 
conditions to fix integration constants, we have 

1 s(g + q)(g + q)- l4 - dDj 

Given this /, at small g one can check that (3 asymptotes to eg 2 A e^ 2 , which is the 
volume form of the submanifold that the M2 brane is wrapped on, while at large g 
instead (5 asymptotes to a harmonic two-form U2 on the singular cone which is simply 
the pull-back of a harmonic two- form on Q 111 . 

4.4.2 Harmonic forms: warped case 

Let us now turn to the warped case. Since with the M2 brane stack at g — the warp 
factor is then a function of (g, 82, O3), it is natural to consider the following ansatz for 
the two-form /3: 

(3 = eg 2 A e 02 + d ^ /„ g 5 + ft j , (4.37) 

where now f ^ = f^g, 9 2 , 9 3 ), and \i = 0, 2 or 3. 

The second equation in (I4.30p implies that the f ^ must satisfy 

/h y/det gU(p) \ ^ 1 / h y/det g sin0; \ 



f h y/det gf \ ( h y/det g cot 9j \ ( h y/det g\ 

e > \ {£) + q? ) + A {fi + ef ) fj + ^ [jtfTW) J ' 2 ~ ' 

for p = j, and 

d e (h VdeTgdJo) + g ^L-d* ( ^fjfP rinflA/o) (4-39) 



^ Vdet / . \ ^ y/det gh h y/det g 

for /i = 0. Note that h = and A/detg = p + If) (g + 
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We have three equations for three functions / M , so we expect this system to contain 
the desired solution for j3. Furthermore, if we consider the unwarped case where h = 1 
we can consistently set fi = and assume fo = fo(g). In this case the second equation 
reduces to 

8.(^ W „)-E^A + (£§ = 0. (4.40) 

This is precisely the equation obtained above. Furthermore, these equations can be 
seen to arise from minimizing the action 

r pn pir poo r 

/= / $A* 8 hP= / d6 2 d6 3 dg h^/feU] sin 9 2 sin 6 3 \(d s f ) 2 + 
(d e Jo) 2 {deJof , (/o-^Ja-cot^/s) 2 , (d e J 2 ) 2 + {d e J- V2 



u {ii + e ) u m + e) m + e y { q + qM + q) 

(-l + f - co t9 2 f 2 -d e J 2 ) 2 U , U mf ,2,fo 

With the boundary conditions above, one can check that / is finite. We shall give a 
more general argument for existence of this two-form later in this section. 

Going back to the original physical motivation, the warped harmonic form (3 allows 
one to construct a three-form fluctuation 5C = A A f3 that satisfies the linearized 
SUGRA equations. Consider the Hodge dual 

SG 7 = * 3 dA Ah* 8 p . (4.41) 

As noted above, the three-dimensional gauge field A is dual to a periodic scalar via 
* 3 dA = dp. Thus we can write 

5G 7 = dp A h * 8 (3 = d (p h * 8 (3) , (4.42) 

thus obtaining a local form for the six-form fluctuation. At very large g, (3 can be 
approximated to leading order by 

2 11 

P ~ 3 e e 2 A e 4>2 ~ 3 e 0i A ~ 3 e o 3 A e 03 , (4.43) 

so that 

dp 

5Cq Dp — A dip A e 6l A e 01 A e e2 A e 02 . (4.44) 

This form of the local potential couples to the baryonic M5 brane through the Wess- 
Zumino term, thus reinforcing the identification of the scalar p as the phase of the 
baryonic condensate and Goldstone boson. Furthermore, at large g we can also write 

5G 7 D d( g' 1 dp A dip A e 6l A A e d2 A e^) . (4.45) 
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Then, following [30J, we note the appearance of the volume form of the submanifold 
wrapped by the baryonic M5 brane, with the appropriate decay for a conserved current 
in three dimensions of dimension 2. This motivates the identification 

(J*) ~ d,p . (4.46) 

4.5 General warped resolved Calabi-Yau backgrounds 

Much of our discussion of the resolved Q 111 backgrounds can be extended to general 
warped resolutions of Calabi-Yau cones. In the remainder of this section we describe 
what is known about such generalizations. In particular in the next subsection we 
present a novel method for computing M5 brane condensates in such backgrounds, or 
more generally the worldvolume actions of branes in warped Calabi-Yau geometries. 

4.5.1 Gravity backgrounds 

As for the Q 111 case we are interested in M-theory backgrounds of the form 

ds 2 u = /T^WCR 1 ' 2 ) + /i 1/3 ds 2 (X) , (4.47) 
G = d 3 x A dh- 1 , 

where X is a Ricci-flat Kahler eight-manifold that is asymptotic to a cone metric over 
some Sasaki-Einstein seven-manifold Y. Placing N spacetime-filling M2 branes at a 
point y G X leads to the warp factor equation 

A x h[y] = ^^5*(x-y). (4.48) 

Here Ah = d*dh = — V l Vih is the scalar Laplacian of X acting on h. Thus h[y](x) 
is simply the Green's function on X. More generally, one could pick different points 
%ji G X, with Ni M2 branes at y^ such that Yli^i = N. Then h[{yi, Ni}](x) will 
be a sum of Green's functions, weighted by Ni. We shall regard this as an obvious 
generalization. There are thus two steps involved in constructing such a solution: 
choose a Calabi-Yau metric on X, and then solve for the Green's function. If the 
latter is chosen so that it vanishes at infinity then the SUGRA solution (14.471) will be 
asymptotically AdS^ x Y with N units of G-j flux through Y . 

If Y is a Sasaki-Einstein manifold then C(Y) defines an isolated singularity at the 
tip of the cone r = 0. We may then take a resolution 7r : X — > C(Y), which defines our 
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manifold X as a complex manifold. The map tt is a biholomorphism of complex mani- 
folds on the complement of the singular point {r = 0}, so that in X the singular point 
is effectively replaced by a higher-dimensional locus, which is called the exceptional set. 
We require that the holomorphic (4, 0)-form on C(Y) extends to a smooth holomorphic 
(4, 0)-form on X. Such resolutions are said to be "crepant" , and they are not always 
guaranteed to exist, even for toric singularities. In the latter case one can typically only 
partially resolve so that X has at worst orbifold singularities. Having chosen such an 
X we must then find a Calabi-Yau metric on X that approaches the given cone metric 
asymptotically. Fortunately, mathematicians have very recently proved that you can 
always find such a metric. Essentially, this is a non-compact version of Yau's theorem 
with a "Dirichlet" boundary condition, where we have a fixed Sasaki-Einstein metric 
at infinity on dX = Y and ask to fill it in with a Ricci-flat Kahler metric. There are a 
number of papers that have developed this subject in recent years [521 1551, 15^ 1 155 ] loTI j I5"T] . 
but the most recent [5H [59] prove the strongest possible result: that in each Kahler 
class in H 2 (X, R) = H 1,l (X, R) (see [57]) there is a unique Calabi-Yau metric that 
is asymptotic to a fixed given Sasaki-Einstein metric on Y = dX. Note this result 
assumes the existence of the Sasaki-Einstein metric - it does not prove it. 

The crepant (partial) resolutions of toric singularities are well understood, being 
described by toric geometry and hence fans of polyhedral cones. The extended Kahler 
cone for such resolutions is known as the GKZ fan, or secondary fan. The fan is a 
collection of polyhedral cones living in R b2 ( x \ glued together along their boundaries, 
such that each cone corresponds to a particular choice of topology for X. Implicit 
here is the fact that b<i (X) is independent of which topology for X we choose. A point 
inside the polyhedral cone corresponding to a given X is a Kahler class on X. The 
boundaries between cones correspond to partial resolutions, where there are further 
residual singularities, and there is a topology change as one crosses a boundary from 
one cone into another. The GKZ fan for Y = Q 111 was described in Figure [3j If we 
combine this description with the above existence results, we see that the GKZ fan is 
in fact classifying the space of resolved asymptotically conical Calabi-Yau metrics. 

Having chosen a particular resolution and Kahler class, hence metric, we must then 
find the warp factor h satisfying (14.481) . This amounts to finding the Green's function 
on X, and this always exists and is unique using very general results in Riemannian 
geometry. A general discussion in the Type IIB context may be found in [20J, and the 
comments here apply equally to the M-theory setting. In the warped metric (I4.47P the 
point y E X is effectively sent to infinity, and the geometry has two asymptotically 
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AdS± regions: one near r = oo that is asymptotically AdS^ x Y, and one near to 
the point y, which if y is a smooth point is asymptotically AdS^ x S 7 . For further 
discussion, see [201 12T1 14^] . 

If one places the N M2 branes at the same position y e X, the moduli space 
is naturally a copy of X. The b2(X) Kahler moduli are naturally complexified by 
noting that H 6 (X, Y, R) = H 2 {X, R) = R fe W by Poincare duality, and that this group 
classifies the periods of Cq through six-cycles in X, which may either be closed or have 
a boundary five-cycle on Y = dX. More precisely, taking into account large gauge 
transformations leads to the torus H 2 (X, Y, R) / H 2 (X, Y, Z) = U(l) b2(x K Altogether 
this moduli space of SUGRA solutions should be matched to the full moduli space of 
the dual SCFT. At least for toric X one can prove quite generally via an exact sequence 
that = b^(Y) +be(X), where be(X) is also the number of irreducible exceptional 

divisors in the resolution. In toric language, this is the number of internal lattice points 
in the toric diagram. We shall discuss such examples in §5) the presence of calibrated 
six-cycles is expected to lead to M5 brane instanton corrections in these backgrounds. 

4.5.2 Harmonic two-forms 

Recall we are also interested in fluctuations of the form 

5C 3 = A A , (4.49) 

where A leads to a massless gauge field in the Minkowski three-space if 

d/3 = 0, d(/i* 8 /?) = 0. (4.50) 

For trivial warp factor h = 1 this just says that p is harmonic. It is a general result 
that if we also impose that P is L 2 normalizable, or equivalently that A has finite 
kinetic energy in three dimensions, then such forms are guaranteed to exist and are in 
1-1 correspondence with H 2 (X, Y, R) = Hq(X,M.) [60]. Thus there are always be(X) 
L 2 normalizable harmonic two-forms p in the unwarped case. 

However, this case isn't the physical case for applications to AdS/CFT. Instead 
we should look for solutions to (I4.50p where h is the Green's function on X. Again, 
fortunately there are mathematical results that we may appeal to to guarantee existence 
of such forms. These are again described in the Type IIB context in [2T] . In the 
warped case P is harmonic with respect to the metric h 1 ^ 2 ds 2 (X). This manifold has 
an asymptotically conical end with boundary S 7 (or more generally Yj^ if the M2 
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brane stack is placed at a singular point with horizon Yir), and an isolated conical 



such a space is in fact known, and is &2p0- To see this requires combining a number 
of mathematical results that are described in [21]. In particular, since &2PO = + 
be(X) there is a corresponding harmonic form, and hence Goldstone mode, for each 
of the &2OO baryonic U(l) symmetries. Indeed, these 62 (^) harmonic forms can be 
seen to asymptote to the harmonic two-forms on Y at r = 00. Thus the analysis at 
the end of §4.41 carries over in much more general backgrounds. We shall analyse the 
asymptotics of the b§(X) unwarped L 2 harmonic forms in more detail in £j5j where they 
will be given a very different interpretation. 

4.6 Baryonic condensates: M5 branes in general warped ge- 
ometries 

As discussed in §2.31 M5 branes wrapped on five-manifolds S 5 C Y lead, with appro- 
priate choice of quantization of the gauge fields in AdS^, to scalar operators in the dual 
SCFT that are charged under the £7(1) 62 ( y ) baryonic symmetry group. We have already 
described how to compute the VEV of such an operator in the (partially) resolved Q 111 
background. More generally one should compute the action of a Euclidean M5 brane 
which is wrapped on a minimal six-submanifold D C X with boundary dD = £5. 
Similar computations, in some specific examples, have been performed in \EU\ ■ In this 
section we explain how this Euclidean action may be computed exactly, in general, in 
the case where D is a divisor. This is essentially a technical computation that may be 
skipped if the reader is not interested in the details: the final formula is (14. 79 p . 

Let suppose that we are given a warped background (I4.47[) . where X has an asymp- 
totically conical Calabi-Yau metric and the warp factor satisfying (14.481) is given, with 
a specific choice of point y £ X where the stack of iV M2 branes are located. We would 
like to compute 



Here T 5 = 27r/(27r£ p ) 6 is the M5 brane tension, and the integrand is the worldvolume 
action (in the absence of a self-dual two-form). Thus gr> denotes the pull-back of the 
unwarped metric to the worldvolume D. We also assume that D is a divisor, in order 
to preserve supersymmetry. Then D is also minimal and the integral is 



singularity with horizon metric 7 



jds 2 (Y). The number of L 2 harmonic two-forms on 




(4.51) 




(4.52) 
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where 00 denotes the Kahler form of the unwarped metric, pulled back to D. 

Before beginning our computation, we note that on a Kahler manifold the scalar 
Laplacian Ah = d*dh can be written as 



Ah = -ujdd c h = -2iu^ddh . (4.53) 

Here d c = I o d = i(<9 — d), where / is the complex structure tensor. The contraction 
ujdd c h is then in local complex coordinates 

- d 2 h 

ujjdd c h = 4u t3 ——^ = -Ah , (4.54) 



where 



u = ^Ufjdz 1 A dz j . (4.55) 



For simplicity we shall study the case in which D is described globally by the equation 
D = {/ = 0}, where / is a global holomorphic function on X. This means that the 
homology class of D is trivial, and hence in fact the wrapped M5 brane carries zero 
charge under U(l) b2( - Y \ The cases studied in [50] are of this form. More generally, since 
D is a complex divisor it defines an associated holomorphic line bundle Co over X. 
Then we may take D to be the zero set of a holomorphic section of Cd, with a simple 
zero along D. To extend the computation below to this case would require combining 
the argument we give here with the arguments in £j5l 

Thus, suppose that / is a holomorphic function with a simple zero along D, and 
introduce the two-form 

r) D = -Ud c log|/| = --L^log|/| 2 . (4.56) 

Z7T Z7T1 

Let us examine its properties. First, note that 

log |/| 2 = log/ + log / . (4.57) 

Since / is holomorphic, and thus df = by definition, this shows that away from the 
locus / = 0, which is the divisor D, in fact T]d = 0. On the other hand, locally along D 
we can write f — zg where z is a local coordinate normal to D, and g = g(z, W\,W2, W3), 
where w±, W2, W3 are local complex coordinates along D and g has no zero in this local 
chart. We may then write z = re ie , and note that 

1 i 

— dd c logr = 5 2 {0)^-dz Adz . (4.58) 
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This is just the elementary statement that (l/2iv) logr is the unit Green's function in 
dimension two (the local transverse space to D). Thus we have shown that t)d is zero 
away from D, and is a unit delta function supported along D. 
Using these properties of t]d we may hence write 

V = T 5 jf £ %] = jT A dd< log |/| . (4.59) 

Note in particular that T 5 h[y]/2-K is iV times the unit Green's function (with unit delta 
function source), i.e. 

We then integrate by parts 

We will deal with the boundary terms later, focusing for now on the integrals over X. 
First note that 

tA |! = -*I( 7 ) . (4.62) 
holds for any one-form 7. Using this we may write 

V = - f d A u a d c log \f\ + boundary term 

Jx V 27r / 31 

= [ d c ( Z^M ] A^- Ad log I / 1 + boundary term . (4.63) 

Here we have used that the metric is of course Hermitian, so that gx(j, 8) = gx(Ij, IS). 
We then again integrate by parts 

V = J dd c {^^^j A |f log \f\ + boundary terms , (4.64) 
where explicitly now 

boundary terms = J A l/l " dC (^) A ^ lo S l/l } -( 4 - 65 ) 

In fact this boundary integral is divergent - a key physical point in interpreting it 
holographically. For now let us deal with the integral over X in ( I4.64p . Using (I4.53P 
we may write 
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and thus 



V = - N5 s (x - y) log \f\ d 8 x = -iVlog \f(y)\ + boundary terms . (4.67) 
Jx 

Let us turn now to the boundary terms. In order to render this finite, we cut off the 
integral at some large r = r c , and write the boundary integral as 



boundary terms 



T 5%] JC1 i xi i i,uc f T 5 h [y] \ 



} Ld c log|/|-log|/|d 

Z71 \ Z7T 
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A — . (4.68) 



We require that D is asymptotically conical, so that at large r c it approaches a cone 
over a compact five-manifold S 5 C Y. In the cone geometry, a conical divisor with 
trivial homology class is specified as the zero set of a homogeneous function under rd r . 
Thus we take 

\f\=Ar x (l + ...) , (4.69) 

where A is homogeneous degree zero (i.e. a function on Y) and the . . . are terms that 
go to zero as r — )• oo. Thus / has asymptotic homogeneous degree A > 0. Now, the 
volume form on Y is 

dvol(F) = rj A ^ , (4.70) 

where rj = d c logr and u; cone = \d{r- 2 rf) is the Kahler form on the cone over Y. Asymp- 
totically, 

co = co conc + 0(r 4 ) . (4.71) 

The 0(r 4 ) follows since the leading correction to the cone metric is a harmonic two- 
form on Y, which is down by a factor of r~ 2 relative to the cone metric. We also 
have 

Cf. (12.61) . Thus the first term in (I4.68P is convergent and gives 

Urn / ^*ld= log |/| A £ = -A- ■ A ■ vol(y) = ^ . (4.73) 
rwoo J Yr 2tt SI 6voi(r ) 6 

Note here that the function A does not contribute to the integral as it is independent 
of r, and thus J(rd r ) jd c logA = 0. On the other hand, the second term in (I4.68P 
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is divergent, the leading divergent piece being NX\ogr c . Provided the ... terms in 
|/| and h fall off as o(r~ e ), for some e > 0, then in fact this is the only divergence 
(since any positive power of r grows faster than logr). There is also a finite part, 
namely N j Y logA/vol(Y). However, the important point is that this depends only on 
asymptotic data. 

Let us interpret this divergence. Suppose that the Sasaki-Einstein manifold Y is 
quasi-regular, meaning that it is a U(l) bundle over a Kahler-Einstein orbifold 
Then asymptotically / is, in its dependence on Z, a holomorphic section of L k for 
some integer k G Z >0 , where L = K^ 1 ^ 1 with / = I(Z) G Z >0 being the orbifold Fano 
index of Z. Here Kz denotes the orbifold canonical bundle of Z, and I is by definition 
the largest integer so that the root L is defined. It follows that 

4k 

A = y , (4.74) 

where 4 = dim^X. The five-manifold S 5 C Y is then the total space of a U(l) bundle 
over an orbifold surface S C Z, with the Poincare dual to S being represented by 
Ci(L k ) = kci(Z)/I. The Kahler-Einstein condition on Z gives 

8[u z ] = 2tt Ci (Z) G H^iZ,^) , (4.75) 

where uz = (l/2)dr/ denotes the Kahler form of Z. 

Now, the conformal dimension of the operator dual to an M5 brane wrapped on E 5 
is given by the general formula 

In the quasi-regular case at hand, the length of the U(l) circle cancels in the numerator 
and denominator and we can write this as 

a f w z o f zz. 1 

u JZ 3! JZ 2! 

Here in the last step we used the Kahler-Einstein condition (14. 75 p . Thus we have the 
general result that the divergent part of the integral is 

NX\ogr c = 2A(G[S 5 ])logr c = -A(0[E 5 ]) log z , (4.78) 

where we have changed to the usual AdS^ coordinate r 2 c = 1/z. Thus we see that the 
divergent part of the integral is precisely such that we can interpret its coefficient as 



3 In fact the irregular case can be approximated arbitrarily closely by the quasi-regular case. 
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the VEV of the operator (9 [£5] in this background. This coefficient is, from the above 
computations, 

exp(-V reg ) = \f(y)\ N e*p - J^y X l0g( ' /l/rA) ) ' (4 ' 79) 

This is an exact result for the VEV, or regularized exponential of the M5 brane action, 
in terms of the defining function / of the divisor D. The integral is understood in the 
limit Y = Y rc as r = r c — >■ 00, which is convergent as the integrand is independent of r 
in this limit. Notice, in particular, that if one multiplies / by a constant, this constant 
drops out of the formula, as it should. 



5 Six-cycles and non-perturbative superpotentials 

So far our discussion has mainly focused on the Q 111 theory and its warped resolved 
supergravity solutions. However, this solution is somewhat special in that the resolved 
Calabi-Yau manifolds are "small resolutions" - that is, there are no exceptional di- 
visors, or six-cycles, in the resolved solution. An isolated toric Calabi-Yau four-fold 
singularity will typically have exceptional divisors when it is resolved ^ The irreducible 
components of these divisors are in 1-1 correspondence with the internal lattice points 
in the toric diagram, and a simple homology calculation shows that these generate 
the group Hq(X,M) of six-cycles. This immediately raises the question of what is the 
AdS/CFT interpretation of such six-cycles, as we mentioned briefly at the end of sec- 
tion 14.51 Again, in order to make our discussion concrete we will begin by focusing on 
a simple example, namely the cone over Q 222 . This is a Z 2 orbifold of Q 111 in which 
the free Z2 quotient is along the R-symmetry U(l) fibre. Further details about the 
geometry of this manifold are contained in appendix O 

5.1 The C(Q 222 ) theory 

A candidate dual field theory to C{Q 222 ) was proposed in [27]. In fact there are (at 
least) two possible toric phases for this theory. The quivers of the two phases are 



10 As already mentioned, generically one can at best partially resolve such singularities so that the 
remaining singularities are all of orbifold type. 
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(I) 



(II) 



with superpotentials 




W u 



1 I tij t mn ^1-32 ^24 




) 



(5.1) 



Following the same prescription for C(Q U1 ), we will consider quantizations of the 
gauge fields in AdS± such that the gauge groups are U{1)q x U(l)a-i x S77(iV) 4 . As 
shown in [27], the moduli spaces of both phases give the desired cone over Q 222 . Fur- 
thermore, with SU(N) gauge groups we have two global U(l) baryonic symmetries, 
which precisely match the 62 {Q 222 ) = 2 gauge fields we find in AdS± from the gravi- 
tational point of view. Thus, as far as the moduli space and baryonic symmetries are 
concerned, the C{Q 222 ) case closely resembles its C(Q U1 ) cousin. 

However, inspection of the C(Q 222 ) toric diagram in Figure H] shows an interior lattice 



point, signaling the possibility of blowing up a six-cycle. We shall discuss the geometry 



t 




Figure 4: The toric diagram for C(Q 222 ). 
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of such resolutions in more detail later in this section. However, this immediately raises 
the question of the field theory interpretation of this six-cycle. As we discuss in the 
next subsection, such six-cycles have been shown to be responsible for non-perturbative 
superpotentials in Calabi-Yau compactifications via wrapped Euclidean M5 branes. We 
are interested in such contributions to a non-perturbative superpotential in warped 
Calabi-Yau backgrounds. The warping here is induced by the back-reaction of point- 
like M2 brane sources on the Calabi-Yaul"1 

In previous sections we have argued that, for toric singularities with no vanishing 
six-cycles, we can choose a set of boundary conditions which amounts to ungauging 
all but the Bq-i, &g U(l) symmetries. This gives rise to a field theory moduli space 
which is roue hly a (C*) b2 ^ fibration over the mesonic space. Here the fibres are the 
global U(l)s we do not quotient by, and their corresponding D-terms that we do not 
impose. On the SUGRA side, the mesonic part of the moduli space arises from the N 
M2 branes that are free to move in the geometry. The &2OO C*s are instead naturally 
the 62 00 = 62(A) Kahler classes plus the corresponding periodic scalars coming from 
modes of C3 on associated two-cycles. More generally we have 62(A) = &2OO + ^(A), 
where A is a Calabi-Yau resolution of Y. We can at this point consider the same 
operation for geometries with six-cycles, so that he(X) ^ 0. However, in this case 
the field theory moduli space seems to be too small. Let us consider the C(Q 222 ) 
example. In field theory we still have a (C*) 2 fibration over Sym^ C(Q 222 ) as moduli 
space, since there are again only 4 nodes in the quiver. On the other hand, the gravity 
side has 3 Kahler classes and corresponding periodic scalars coming from modes of C3 
on the two-cycles (see §5.3p . This immediately implies that the classical field theory 
moduli space cannot possibly match all the gravity solutions. However, as argued in 
the next subsections, geometries with exceptional six-cycles may have non-perturbative 
corrections which could potentially fix this mismatch. 

5.2 Non-perturbative superpotentials from six-cycles 

The presence of exceptional six-cycles in warped resolved Calabi-Yau backgrounds 
raises the very interesting possibility that Euclidean M5 branes (EM5) may wrap such 
cycles. Indeed, the toric geometries under consideration do not have three-cycles, ei- 
ther in the boundary Sasaki-Einstein manifold Y, or in the Calabi-Yau resolution A of 
C(Y). Thus there are no cycles on which to wrap Euclidean M2 branes, leaving only 

11 It might be possible to generalize this to the case with SUSY G-flux, in which the flux also sources 
the warp factor. 
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EM5 branes as possible instantonic branes in these backgrounds. More precisely, such 
EM5 branes may be wrapped on the irreducible components of the exceptional divisor 
in the Calabi-Yau resolution. Such cycles, being complex submanifolds, are automat- 
ically supersymmetric. Moreover, as already mentioned, the irreducible components 
are in 1-1 correspondence with the generating homology classes in Hq(X, R). 

A very similar situation was considered in [33J, where compactifications of M-theory 
to three dimensions on a Calabi-Yau four-fold were discussed. In that reference the role 
of Euclidean instantonic M5 branes, and their possible contribution to non-perturbative 
superpotentials, was studied in detail. In order to generate such contributions, the num- 
ber of zero modes, which includes the Goldstinos of the SUSYs broken by the brane, 
must be appropriate to saturate the superspace measure. In particular, such instantons 
must wrap cycles without infinitesimal holomorphic deformations, since the superpart- 
ners of the deformation moduli would provide additional fermionic zero modes. In [33] 
it was shown that the appropriate zero mode counting in the case of an M5 brane 
wrapping a divisor D in this set-up requires the necessary condition that 

3 

X (D,0 D ) = £(-1)* dim D ) = 1 • (5.2) 

i=Q 

This is the arithmetic genus of D. Assuming this necessary condition is satisfied, 
the structure of the non-perturbative superpotential generated by an EM5 brane also 
requires one to understand its dependence on the Kahler moduli. As explained in |33j . 
the dependence on these Kahler moduli is known exactly, being encoded entirely in the 
semi-classical term e~ v+1< ^. Here V denotes the volume of the six-cycle, while is the 
expected linear multiplet superpartner to V and is given by the period of C$ through 
D. This latter structure is determined from holomorphy of the superpotential. 

It is well-known that for any smooth compact toric manifold the arithmetic genus in 
(I5.2p is indeed equal to 1. This suggests that EM5 branes would typically generate non- 
perturbative contributions to the superpotential in such cases. However, at this point 
we should recall that the situation in |33j is slightly different from the one at hand. 
Firstly, our Calabi-Yau four- fold is non-compact, so that gravity is decoupled from the 
point of view of reduction to Minkowski three-space. Secondly, our set-up contains 
also point-like M2 branes, and moreover in the warped solutions the back-reaction of 
these M2 branes is also included. This leads to the asymptotically AdS^ backgrounds 
discussed in section 12.11 It should however be possible to extend the analysis of [33] to 
such warped cases. 
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Let us first briefly discuss a similar situation in the more controlled Type IIB sce- 
nario. In that case one can consider a Calabi-Yau three-fold singularity with colour 
and fractional D branes wrapping the collapsed cycles at the singularity, leading to a 
four- dimensional M = 1 SUSY field theory at the singularity. In addition one can con- 
sider instantonic Euclidean Ep branes. The various types of strings stretching between 
these branes can give rise to non-perturbative contributions to the superpotential of 
the field theory at the Calabi-Yau singularity. Exactly as for the M-theory case, in 
order for this non-perturbative superpotential to be generated at all the right number 
of zero modes must be present. An important remark here is that the Ep-Ep sector 
sees the full Af = 2 Calabi-Yau three-fold background, thus generically leading to too 
many zero modes to saturate the M = 1 superspace measure. Therefore in order for 
a non-perturbative superpotential to be generated, some method of eliminating these 
extra zero modes is required. On the other hand, the situation in M-theory is very 
different since the colour M2 branes do not break any further the SUSYs of the Calabi- 
Yau four-fold background. From this point of view, we then expect EM5 instantons 
to generically contribute to non-perturbative corrections to the superpotential in three 
dimensions. 

Nevertheless, the structure and interpretation of such corrections is far from clear. 
We can think of the gravitational background as a warped Calabi-Yau four-fold com- 
pactification, albeit one which is asymptotically an AdS^ background. As such, we 
expect to be able to promote all moduli, both Kahler and those related to the po- 
sitions of the M2 branes in the colour stack, to spacetime fields in the Minkowski 
three-space. These will be dynamical fields provided the fluctuations are normalizable 
in the warped metric; at least for the Kahler moduli this is expected to be the case, 
as discussed in the Type IIB context in [21]. However, finding an ansatz for such a 
reduction is far from trivial, and at the time of writing there is no complete proposal 
for such an ansatz which would allow one to compute the precise form of the non- 
pertubative superpotential for these modes. The most recent paper on this subject 
is [62], where the authors consider only the universal Kahler modulus in a warped 
compactification. On the other hand, following the more controlled Type IIB case, 
one might expect that computing the warped volume of the Euclidean brane is the 
dual "closed membrane channel" of the picture above, described in terms of M2 branes 
in the blown up Calabi-Yau four-fold in the presence of the EM5 branes. In the IIB 
case it has been explicitly checked [50] in some simple situations how the computation 
of open string diagrams in the relevant sector [63, 64J can be reproduced though the 
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computation of warped volumes, which are then interpreted as a resummation of such 
open string diagrams. Of course, it should be stressed that in the M-theory scenario 
at hand this can be taken only as a heuristic picture. In any case, one would expect 
that a general holographic interpretation of the superpotential should also be available, 
since the warped background is asymptotically AdS±. One natural suggestion is that 
this might come from considering the boundary behaviour of the six-form fluctuation 
sourced by the EM5 branes. We leave a more complete investigation of these issues for 
further work. Instead in this paper we focus on computing the warped volumes of the 
EM5 branes as a function of the moduli. Understanding precisely how this is related to 
non-perturbative corrections in these warped resolved geometries will require further 
work. 

5.3 EM5 instantons in the resolved Q 222 background 

There is a unique resolution of C(Q 222 ) where one blows up the six-cycle corresponding 
to the internal lattice point in Figure HI This gives a Calabi-Yau four-fold X which is 
the total space of the canonical bundle 0(-2, -2, -2) -»■ CP 1 x CP 1 x CP 1 . There is 
a Kahler class for each factor in the zero section exceptional divisor (CP 1 ) 3 , leading to 
a GKZ fan which is (M>o) 3 , as shown in Figure [5j By the general theorem mentioned 



Figure 5: The GKZ fan for Q 222 is (M>o) 3 . The axes ( a , a = 1, 2, 3, may be identified 
with the Kahler classes of each factor in CP x CP 1 x CP 1 , or equivalently the FI 
parameters in the GLSM. 



CP 3 collapses 
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earlier we know that there will be a unique Ricci-flat Kahler metric, which is asymptotic 
to the cone metric over Q 222 , for each choice of Kahler class. Again, in this case one 
can write these metrics explicitly: 

ds 2 = K{r)- l dr 2 + k{t) ^ (dip + cos W) 2 + ( ^ g ( dd l + sin2 Wa) 

8=1 

+ (26 + r 2 ) ^ + gin2 + ^ ^ + gin2 ^ (5 3) 

where now 

/x r 8 + Ua + b)r 6 + 8abr 4 -lQk , 

K ( r \ = 3 V / fr 4\ 

1 J r 4 (2a + r 2 )(2 6 + r 2 ) ' 1 ' ' 

Here a, 6 and k are arbitrary constants, and correspond to the choice of Kahler classes 
( a , a = 1,2, 3. In particular, setting a = b = implies that all three C¥ 1 s have the 
same volume, and the metric simplifies considerably. In this case it is convenient to 
define = 16k, so that the exceptional divisor is at the radial position r = r*. For 
further details about these metrics we refer the reader to appendix [Dl 

Again, it is also possible to solve explicitly for the warp factor for these metrics. In 
the simplified case with a = b = 0, one can place the stack of iV M2 branes at an 
arbitrary radial position r = r > r* and solve for the Green's function. Again, we 
refer the reader to appendix [D] for details of this warp factor. From now on we focus 
exclusively on the case a = b = 0, where Ci = C2 = C3 is parametrized by the radius 

> 0. 

5.3.1 Warped volumes 

We are interested in computing the warped volume of the compact exceptional divisor 
(CP 1 ) 3 at r = r*, with the stack of iV M2 branes at the position y = (ro,£o)- Here £0 
denotes the point in the copy of Q 222 at radius r = r . Thus we define 



S = T 5 / a/ det gr> h d 6 x 
Jd 



(5.5) 



where D is the exceptional divisor and h is the (pull back of the) warp factor. Here 
the latter is given by the expression ( ID.lOj) in terms of the mode expansion discussed 



in appendix [D] The determinant of the metric pulled back to the divisor is simply 

.6 



\J det g D = g-| sin^i sin# 2 sin ^3 . (5.6) 
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After subtituting these results into the worldvolume action one obtains 

S=-^Y / Y I (Zo)*Mr*) / sin sin # 2 sin ^1/(0^ . (5.7) 
° j Jd 

Explicitly, the integral reads 

p ^ /*7r p2n 

/ sin^x sin 9 2 sin # 3 1/(0 d 6 * = CiY[ / sin0 i e l,ni *Jo,i i , TO ,(0 i ) d^d^ .(5.8) 
Jd i=l Je i= o Jct>i=o 

Here Cj is a normalization constant that ensures the mode Yj has unit norm. The 
4>i integrals vanish unless = 0. Then Jo t i it o(6i) reduces to a Legendre polynomial 
P^(cos#j), so that 

pn 

(5.9) 



Therefore 



/7T 
sin^P^cos^d^ = 2 5 h , ■ 
-i=0 

3 

/ sin 0! sin 2 sin # 3 1/(0 d 6 a; = 2 6 tt 3 C TT <^, <W 
Jd i=i 



(5.10) 



Subtituting this back into the expression for S one finds 



S 3 

From flESD, flD^46|) and flTX47l) we have 



2 6 7r 3 T c r 6 

5= ^^|C | 2 ^o,o,o(r,) • (5.11) 



1 /3 7 /r 2 \4x 2 9 vr 2 iV^ 
^o,o(rO = ^ 2 ^i( i ,l, i ,(^) ), |Co| 2 = 3— 2- (5-12) 



Finally, substituting the explicit M5 brane tension results in the warped volume 



S 



^U' 1 '!'^ ) ■ (5 ' 13) 



3 

Note that for r — > r+ we get S 1 ~ — y log(r — r*) = —log p^, where for the last 



equality we used ( 1C.2I) and ( 1C.3I) . 



5.3.2 The L 2 harmonic two-form 

The key observation in this subsection is that the warped volume (I5.13P of the excep- 
tional divisor is closely related to the L 2 normalizable two-form (3 which is Poincare 
dual to the six-cycle. The claim is that the precise relation between the two is (for 
N =1) 

{3 = ±-ddS. (5.14) 

7T 1 
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Here the derivatives are regarded as acting on the coordinates of the point y = (r , £o)> 
which recall is the location of the stack of M2 branes. We shall prove this claim in 
full generality in §5.41 Here we first prove it in the current explicit example, where 
it is convenient to use the coordinate system in section IB. 1 1 From (IC.2j) we see that 
7"o = + p 4 , so in the new coordinate system we can write (setting N = 1) 

H(^ f 44^)- < 5 - i5 > 

After some algebra it can be shown that 

(d-d)S = i ^J±^ g Bt (5.16) 

where 

3 

g 5 = dtp + ^ cos 9i d(pi , (5.17) 

and therefore (I5.14p reads 

= dd(-±rS) = U(d - d) (— S) = ^d (_!*-_ g B ) . (5.18) 



7r i J 2 v ' \ni J 2tt V(p 4 + ^) 3/4 
Going back to the original coordinates we then have 



P = ±d( r 4g 5 ) . (5.19) 



2tt V r o 

This is easily checked to be a harmonic two-form with respect to the unwarped metric, 
and also L 2 with respect to this metric. To see that /3 is indeed Poincare dual to the 
six-cycle, we choose the following closed form on X = 0(—2, —2, —2) — > (CP 1 ) 3 
= sin fli sin 02 sin 6 ± ^ ^ ^ ^ ^ ^ ^ ^ 

It is easy to see that 

[ H = l, [ PAfi=l. (5.21) 

J D J X 

Hence is L 2 normalizable and Poincare dual to the divisor, as claimed. 
5.3.3 Critical points 

Formally, the superpotential that is induced by the instanton action that we have 
calculated in the previous subsections is given by 



W = e 5 = exp 



2N /3 n 7 /r*\ 



3 rf ) 2Fl \4 , 1} 4' IrJ 



(5.22) 
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where S is given in ( I5.13p . This is something of a formal statement, since in reality 
what we have computed is the on-shell Euclidean action of the wrapped M5 brane as 
a function of the moduli of the SUGRA background. Here essentially r* is a Kahler 
modulus, while r is a modulus associated to the position of the stack of M2 branes. On 
the other hand, the superpotential should be a function of the corresponding spacetime 
fields in Minkowski space, obtained by promoting these moduli to dynamical fields. In 
the unwarped case there is essentially no distinction between the two, but in the warped 
case it is not known how to do this at present, and the situation is much less clear. 
Note also that we have only computed the real part of S, and hence absolute value of 
W. Thus the best we can do is to examine the critical points of e~ s interpreted directly 
as a superpotential on the SUGRA moduli space. It is straightforward to compute 

d ro S = . (5.23) 

'* — 'o 

For > there are no critical points of S. In order for dW = we must then 
necessarily have r = r*, which gives 5* = +oo and W = on this locus. In this 
case the branes move only on the six-cycle. Clearly, this is always a solution since 
the "superpotential" (I5.22p is identically zero if the branes are moving on the divisor 
D. For r* = there are formally no contributions of instantons to the superpotential. 
However, notice this is a singular limit of the SUGRA solution in which the six-cycle is 
blown down. In the absence of instantons of the course M2 branes are free to propagate 
on the cone C(Q 222 ) in which the six-cycle is blown down. 

In £fE] we have performed the same computation of the warped volume in the much 
simpler toy example of the Eguchi-Hanson manifold. Interestingly, the same quali- 
tative results on the behaviour of the warped volume (basically the non-perturbative 
superpotential) are obtained. 

5.4 EM5 brane instantons: general discussion 

In this section we describe how the above calculations for Q 222 generalize to more 
general Calabi-Yaus. 

5.4.1 Geometric set-up 

Throughout this section we assume we are given an asymptotically conical Kahler 
manifold X of complex dimension n, with metric g = gx and Kahler two-form u. 
This means that the manifold X is non-compact, and that the metric g asymptotically 
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approaches the cone metric dr 2 + r 2 gy, where Y = dX is the compact base of the cone. 
The metric gy is then Sasakian, by definition. In fact this is slightly too general for 
the situation we are interested in. More precisely, we want X to be a resolution of the 
singularity at r = of the cone C(Y) = (R>o xY)U{r = 0}. This means that there is 
a proper birational map 7r : X — > C(Y) which is a biholomorphism on the restriction 
X \ E — > {r > 0} C C(Y). Less formally, the resolution X replaces the singular point 
{r = 0} of the cone by the exceptional set E = ir~ 1 (r = 0). For physical applications 
we require the metric g on X to be Ricci-flat and hence Calabi-Yau. Then by definition 
X above is a crepant resolution of the cone singularity. In fact this won't really affect 
the computations that follow. 

Of particular interest for us in this section are the exceptional divisors in X. These 
are the irreducible (prime) divisors of E = 7r _1 (r = 0). Call these irreducible compo- 
nents Ei. Since X is contractable onto E we have 



so that i = 1, . . . , &2n-2p0 — dim H 2n _ 2 (X, R). Thus the exceptional divisors Ei 
generate the homology of X in codimension two. Notice that if b 2n -2{X) = then 
the resolution has no exceptional divisors and the resolution is said to be small. For 
example, the resolved conifold is a small resolution of the cone over T 1,1 , since the 
exceptional set is E = CP 1 ; similarly, the resolutions of Q 111 considered in §H] are 
small. 

5.4.2 L 2 harmonic two-forms 

Another key result for us is that in the above situation 



for n > 2. Here T-L 2 L2 {X,g) denotes the L 2 normalizable harmonic two-forms on X 
(which thus depends on the metric g). That is, the codimension two cycles in X are 
1-1 with the prime exceptional divisors, and these are also 1-1 with the L 2 normalizable 
harmonic two-forms on X, as long as n > 2. This result about L 2 harmonic forms holds 
in general for complete asymptotically conical manifolds, and was proven in [60]. In 
dimension n = 2, instead U\ 2 {X) = Im [H 2 (X, Y, E) -»■ H 2 (X,R)}. For example, for 
the Eguchi-Hanson manifold the map H 2 (X, Y, Z) — > H 2 (X,7*) is multiplication by 2, 
so that there is a unique L 2 harmonic two-form, up to scale. 



H 2n . 2 (X,R) H 2n _ 2 (E,R) 0# 2n _ 2 (^,R) ^ R k»-2W ; 



(5.24) 



n 2 L2 (X,g) = H 2 (X,Y,R) = H 2n . 2 (X,R) , 



(5.25) 
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We shall need some more information about these harmonic forms. First, we note 
that the harmonic two-forms are of Hodge type (1, 1). This is because they are Poincare 
dual to divisors in X, so if there was a (0,2) part of the harmonic form it would be 
cohomologically trivial and henci^l identically zero by the result of [60] . 

Pick a particular D = E{ and normalize the associated L 2 harmonic two-form so that 
it is Poincare dual to D. We may then think of the harmonic form as the curvature 
of a Hermitian line bundle £ = £d - the divisor bundle for D. If s is a local nowhere 
zero holomorphic section of £ over an open set U C X, and H is the Hermitian metric 
on £, then we may write the harmonic form as 

f3\ u =^-dd\ogH(s,s) . (5.26) 

Z7T1 

This is a standard result. Notice that j3 here does not depend on the choice of local 
holomorphic section s. We will be interested in the special case where we take U as 
large as possible, which is U — X \ D. By construction, the line bundle £d is trivial 
over U, with trivializing nowhere zero holomorphic section s. We pick an s, and write 
H = H(s, s) for the corresponding real function on X \ D. 

We next note that log H is itself a harmonic function on X\D. To see this, suppose 
generally we have a harmonic (1, l)-form f3. Because (X, g) is complete, this means /3 
is both closed and co-closed. The co-closed condition involves computing the Hodge 
dual of (3, which is 

*P = -P Au n ~ 2 + (uj(3)uj n - 1 . (5.27) 

Here we have simply used that vol = u n /n\ and that ft is type (1, 1). Thus P^co im Uj n = 
(3 mn . By definition, co>j/3 = (l/2\)ojij(3 l i . Thus if ft is closed, then */3 is co-closed if and 
only if is closed, i.e. constant. 

Thus we learn that for a harmonic (1, l)-form ft, uu(3 is in fact constant. Now, for 
an L 2 form on an asymptotically conical manifold this constant is in fact necessarily 
zero. To see why, we must look at the asymptotics of 0. This was studied in appendix 
A of [2T]. Here we have a two- form, so p = 2 in Table 4 of that reference, and we are 
interested in L 2 ^, so that the form is normalizable at infinity. For n > 2, p < n so 
the normalizable modes are of type II and type III . However, the type II modes are 
constructed from harmonic one- forms on the base Y, and there are not any of these 

12 Notice this result definitely fails for spaces that are not asymptotically conical. A good example 
is the Taub-NUT space, which has no two-cycles but does have an L 2 harmonic two-form. 
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as (Y,gy) is a positive curvature Einstein manifold so bi(Y) = by Myers' theorem. 
Thus asymptotically, the two-form is to leading order of the form 



P ~ d(r 



2—n—v 



(5.28) 



where /3„ is a massive co-closed one-form along Y 



(5.29) 



and 



v = 



(5.30) 



Consider now cjj/3. Since asymptotically u ~ (l/2)d(r 2 ?7), where rj = i(d — 9) logr is 
the contact one-form of the Sasakian manifold (Y,gy), we have 



Since v > it follows that — > at infinity. Since we have also shown that 
is constant, it follows that this constant is zero. If we write j3 as in (15. 26j) on X \ D, 
then = is equivalent to saying that log H is harmonic. This just follows from 
the form of the scalar Laplacian on a Kahler manifold: Af = —2uAddf. 

As an aside comment that will be important below, the first non-zero eigenvalue fi is 
bounded below by 4(n— 1). In fact, this is saturated precisely by Killing one-forms - see, 
for example, [61J. Thus /i > 4(n — 1) and correspondingly v > \J(n — 2) 2 + A(n — 1) = 



We thus conclude that log H is a harmonic function. It will be crucial in what follows 
that log if is not in fact defined everywhere on X. By construction, it is defined only 
on X \ D. Along D in fact log if is singular. This is simply because D is the zero 
set of s, which has a simple zero along D by assumption. Thus if z = pe 10 is a local 
complex coordinate normal to D, with D at p = 0, then log if blows up near to D like 
log p 2 = 2 log p. 

5.4.3 The instanton action 

An instantonic brane wrapped on an exceptional divisor D = is calibrated and 
supersymmetric - for example, a D3 brane for n = 3 in Type IIB string theory or an 
M5 brane for n = 4 in M-theory. These are in 1-1 correspondence with the homology 



~ r 



—n—u 



(2 - n - v)^jr] + -d/3 M jdr? 



(5.31) 



n. 
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classes H2 n -2(X, R), and moreover there is a unique L 2 harmonic two- form associated to 
each irreducible exceptional divisor, which is Poincare dual to the divisor, as discussed 
above. 

Let G[y](x) denote the Green's function on X, with a fixed (Ricci-flat) Kahler metric, 
normalized so that 

A x G[y](x)=2n -t= 5 2n (x-y) . (5.32) 
y/detgx 

Consider the on-shell action of an instantonic brane, given by the following Green's 
function weighted volume of D: 

V= / G[y]^/d^d 2n - 2 x= / G\y\J?-— (5.33) 

This is the relevant formula both for D3 branes and M5 branes, where the warp factor 
is h — NG/T, with N the number of spacetime filling branes and T the tension of the 
wrapped instanton brane. The warped volume V depends on the source point y e X, 
so V = V(y). Of course, it also depends on the choice of Kahler metric. If we consider 
the Calabi-Yau case, we know that there is a unique metric in each Kahler class, so we 
may think of V also as a function of the Kahler class: V = V(y; [u]). Then we claim 
that 

V{y) = -UogH{y) . (5.34) 

Of course, log H depends implicitly on the Kahler metric since the associated harmonic 
form does also. Notice this result actually provides a formula for the L 2 harmonic two- 
forms on an asymptotically conical Kahler manifold, in terms of the Green's function 
on X. This is a new mathematical result, as far as we are aware o 

The strategy for proving this claim involves three steps: (i) show that V(y) is a 
harmonic function on X \ D, (ii) show that V diverges as — logp along D, (iii) show 
that the two- form iddV is L 2 . These steps show that the latter two- form is an L 2 
harmonic form that is Poincare dual to D. We may then appeal to the uniqueness of 
such a form. 

Step (i). This is straightforward. We want to compute A y acting on V. Using that 
the Green's function G[y](x) is symmetric in its arguments, so G[y](x) = G[x](y), then 
provided y ^ D 

A y V = [ (A y G[y](x))^detg D d 2n - 2 x = . (5.35) 

JD 



13 We thank Tamas Hauscl for discussions on this. 
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The last step follows since y ^ D. This shows that V(y), interpreted as a function on 
X \D, is indeed harmonic. 

Step (ii). Near to the source point y we have 

where p denotes geodesic distance from y, where we regard the latter as fixed. Here 
vol(S 2n ~ l ) is the volume of a unit (2n — l)-sphere, which appears in this computation 
as a small sphere around the point y. The divergence is a local question, so this is really 
a question in Euclidean space. Let us take the local model C n_1 x C, with complex 
coordinate z on C. We suppose that the divisor D is locally z = in this patch, and 
that the point y is (0, z) in this coordinate system. The integral over D is finite outside 
a ball Bs of fixed radius 8 > in C n_1 x {0}, so we would like to analyse the divergence 
in the integral 

as \z\ — > 0. This is easily seen to be 

1 , l2 \ 2ttvo1(5 2 "- 3 ) 

We next need the ratio of volumes of spheres: 

?TT n 

voKS 2 - 1 ) = , (5.39) 

(n — 1)! 

so that the divergence is 

1 . „A 2tt ■ 2n n ~ 1 (n - 1)! 1, , l9 , , 

- log Z 2 • r K — J —r = log Z 2 = ~ log Z . 5.40 

2 61 7 (2n - 2) ■ 27r n (n - 2)! 2 61 1 61 1 v ; 

This shows that V diverges as — log \z\ — — log p near to D, as claimed. 

Step (iii). We consider the two- form dd c V(y) as the point y tends to infinity. Since 
we have already shown this two-form is harmonic, it will have an asymptotic expansion 
as in Appendix A of [21]. There are three types of modes, I, II and III. As already 
mentioned, there are in fact no modes of type II since Y has no harmonic one-forms. 
The modes of type I are pull-backs of harmonic two-forms on Y, which are not L 2 . 
The modes of type III are of the form 

d(r 2 " n± %) , (5.41) 
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with v = yjjn — 2) 2 + \i 2 as above. The III" modes are L 2 , while III + are not. Thus 
we must show that dd c V has leading term of type III - , so that it is normalizable at 
infinity and hence normalizable. 

Since V is globally defined on X \ D, we immediately see that there can be no 
mode of type I since near infinity dd c V is exact. Thus we are reduced to analysing the 
asymptotic r-dependence of the one-form d c V. 

If we regard the point x as fixed, then as y tends to infinity we have 

G '"'W= (2n-2)voV) r - (1 + ° (1)) - <5 - 42> 



Then 



gives to leading order 



We thus conclude that 



1 f U] n ^ 1 

(3 = —dd c / G\y]- , (5.43) 



~ -^cl (r 2-2 ^) . (5.44) 
vol(r) 



2-n±u = 2-2n. (5.45) 



From the comment above, this means that we indeed have a normalizable mode III - , 
and moveover that v — n and hence \x = 4(n — 1) saturates the lower bound on the 
eigenvalue. The Killing one-form r] is of course dual to the R-symmetry. 
This completes our proof. 

As a final check on the last asymptotic formula, we can compare with the Eguchi- 
Hanson result ( IE. 561) . These indeed agree, noting that vol(D) = tcc 2 and vol(Y) = n 2 
in this case. 



5.4.4 The superpotential 

To conclude our results thus far, we have proven in general that 

e- y (y,{tu]) = y/H{y), (5.46) 

where (l/2iTi)ddlogH is the unique L 2 harmonic two- form that is Poincare dual to the 
divisor D wrapped by the instanton. The on-shell action of this instanton is V. Notice 
that VH has a simple zero along D, as expected on general grounds. In fact locally 
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H = H(s, s) = e 2s |s| 2 , where g is function and s is a holomorphic section of the divisor 
bundle Cp. Again, this was expected from arguments in [65], where the phase that 
pairs with V, coming from the Wess-Zumino term in the action, was studied. Thus 
the result presented here is rather complimentary to the discussion in reference |65j . 
Restoring the factor of N, our computation hence shows that, formally at least, we 
have the superpotential 

W = e- NV (y;[uj}) = VW" = e N9 \s\ N . (5.47) 

This is interpreted as a function of both the Kahler class, and also the position of the 
stack of M2 branes y £ X, and generalizes the result (15. 22ft we derived explicitly for 
Q 222 . A critical point of this W requires either a critical point of V, or else V — oo. 
Dince V = -|logF, the first case requires a critical point of the harmonic function 
logH. By the maximum principle, notice that such a critical point cannot be either a 
local maximum or a local minimum of log if. 

6 Conclusions 

In this paper we set out to study abelian symmetries in the context of the AdS^/CFT^ 
correspondence. In particular, we considered gauge fields in AdS± arising from KK re- 
duction of the SUGRA potentials over the &2OO topologically non-trivial cycles (some- 
times called Betti multiplets in the literature). In contrast to its better-understood 
AdS 5 /C 'FT4 relative, the case at hand displays many more subtleties. The key dif- 
ference resides in the fact that gauge fields in AdS^ admit, in a consistent manner, 
quantizations with either of two possible fall-offs at the boundary, implying that the 
gauge field can be dual to either a global symmetry or to a dynamical gauge field 
in the boundary CFT. From the bulk perspective, electric-magnetic duality in the 
four-dimensional electromagnetic theory in AdS^ amounts to exchanging these two 
boundary fall-offs. In addition, from the bulk perspective one can shift the (9-angle 
by 2tt. Following [22], these two actions translate into particular operations on the 
boundary theory, the T and S operations reviewed in §2.31 which then generate the 
group SL(2,Z). As stressed in the main text, these actions exchange different bound- 
ary conditions for the gauge field in AdS±. Correspondingly, the dual boundary CFTs 
are different. Indeed, the whole of SL(2, Z) acts on the boundary conditions for the 
bulk gauge fields, leading in general to an infinite orbit of CFTs for each U(l) gauge 
symmetry in AdS±. Understanding the structure of such orbits is a very interesting 
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problem which we postpone for further work. 

In this paper we have contented ourselves with studying the particular case of M2 
branes moving in C(Q m )0 In [2SIEZ] a U(N) 4 dual theory was proposed and further 
studied. In §3.21 we proposed a choice of quantization for the abelian vector fields 
in the Betti multiplets such that precisely two U(l)s are ungauged, leading to the 
gauge group U(l) 2 x SU(N) A . This leaves precisely two global symmetries that may 
be identified with the two gauge fields coming from KK reduction of the SUGRA 
six-form potential over five-cycles in Q 111 . A key point in that identification is that 
the corresponding boundary conditions in the bulk AdS± allow for electric wrapped M5 
brane states. These M5 branes can be easily identified in terms of the toric geometry of 
the variety. Since the field theory realizes the minimal GLSM, it is then straightforward 
to identify the relevant U(l) symmetries in the QCS theory. In turn, this allows one 
to construct dual baryonic operators to such M5 branes. It is then natural to consider 
the spontaneous breaking of such symmetries, where the operator dual to such an M5 
brane acquires a VEV. We analyzed in detail such SSB in §HJ In particular, we have 
been able to compute the VEV of the baryonic condensate, with precise agreement 
with field theory expectations. We stress that this is a non-trivial check of the dual 
theory, as this suggests that it does admit an IR superconformal fixed point with the 
correct properties (specifically, R-charges) to be dual to M2 branes moving in C(Q 1U ). 
Along the lines of [291 EO], we have also been able to identify the Goldstone boson of this 
SSB. However, a comprehensive understanding of these resolutions in the context of the 
actions on the boundary conditions is still lacking. We postpone this for further work. 
An interesting by-product of our computation is the finding of general expressions for 
warped volumes in Calabi-Yau backgrounds, which are potentially of interest for other, 
similar computations. 

It is natural to extend our analysis and consider backgrounds with exceptional six- 
cycles, as we briefly considered in §|5j Upon resolution, Euclidean M5 branes can be 
wrapped on these exceptional divisors. As opposed to the Type IIB counterpart case 
for four-cycles, the M2 branes sourcing the background do not break SUSY any futher 
than that preserved by the Euclidean brane in the resolution of the cone. Thus, in 
very much the same spirit as in [33j , it is natural to expect that these Euclidean branes 
contribute as non-perturbative effects to the superpotential, even in the warped case. 
Nevertheless, a comprehensive understanding of these issues is lacking. In this paper 

14 Although as described in £13.31 and further elaborated in JA] we expect similar results to hold for 
other toric isolated four-fold singularities with no exceptional six-cycles. 
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we have however taken some first steps towards understanding this by computing the 
warped volume of such branes. In particular we studied in detail the example C(Q 222 ), 
which is a certain Z2 orbifold of C(Q 1U ), as well as the Eguchi-Hanson manifold. In 
extending our findings to more general geometries we have found expressions which 
might be of relevance in other contexts. 

It is fair to say that the AdS^/CFT^ correspondence still hides many mysteries. In 
this paper we have scratched the surface of a few of them. We hope to be able to report 
on further progress in the near future. 
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A Isolated toric Calabi-Yau four-fold singularities 
with no vanishing six-cycles 

In [18] it was shown that the toric diagram of an isolated Calabi-Yau four-fold singu- 
larity should satisfy the following conditions: 

1. All the faces of the polytope should be triangular. 

2. No lattice point should appear on faces or edges of the polytope. 

Recall that, as explained in §2.3.21 the v a vectors define an affine toric Calabi-Yau 
four-fold. This definition is unique up to a unimodular transformation 71, where 1Z e 
GL(4, Z) and detH = ±1. The vectors v a may be written as v a = (1, w a ) for an 
appropriate choice of basis, where w a G Z 3 are the vertices of the three-dimensional 
toric diagram. We will be interested in singularities with no vanishing six-cycles. We 
will therefore demand, in addition, that no lattice points appear inside the polytope. 
These toric diagrams are known as lattice-free polytopes. Such lattice-free polytopes 
in three dimensions are characterized by the fact that they have width one (see for 
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example [66J and references therein). This is sometimes referred to as Howe's theorem, 
and is translated into the fact that the vertices of any lattice-free polytope are sitting 
in adjacent planes, i.e two lattice planes with no lattice points inbetween. These planes 
can be chosen to be {z = 0} and {z = 1}.^ We want to start by showing that any 
three-dimensional lattice-free polytope with more than four vertices describes a cone 
over a seven- dimensional simply-connected Sasakian manifold. 

From (17] we learn that the first and second homotopy groups of a toric Sasakian 
manifold Y can be read straightforwardly from the toric diagram. The results for 
Calabi-Yau four-folds are 



7Ti(y) = Z A /L , 7T 2 (F) £ Z 



d-4 



(A.l) 



where L = span z {t> Q } is the span over Z of the space of d external vertices of the toric 
diagram. According to the Hurewicz Theorem H 2 (Y) = 7r 2 (y) whenever H\(Y) — 
7ii(Y)/[-Ki(Y),7Ti(Y)} is trivial. Therefore we see from (lA.ip that for simply-connected 
Sasakian manifolds &2OO = d — A, which is also the number of gauge groups in the 
minimal GLSM describing this geometry. This immediately suggests that the number 
of gauge nodes of the corresponding field theory, in the case that the latter is identified 
with the minimal GLSM, is + 2. The two additional gauge nodes correspond to 

the Z7" (l)s which are not quotiented by in forming the moduli space. Note from (lA.lj) 
that Y is simply-connected if and only if the external vertices span Z 4 . 

For polytopes with more than four vertices, three of the vertices must be co-planar. 
Thus the matrix that describes four of the vertices can be written as follows 

/ll 1 1 \ 

X\ x 2 x 3 



.4 







Hi 




2/2 





V3 
1 / 



(A.2) 



where each column corresponds to a vertex (the x, y and z coordinates correspond to 
the 2nd, 3rd and 4th rows, respectively). It is easy to see that by an 1Z transformation 
this can be brought into the form 



B 



( 1 


1 


1 


1 \ 





1 














1 





Vo 








1 / 



(A.3) 



15 If there are more vertices in one plane we choose it to be the {z = 0} plane without loss of 
generality. 
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To see that the matrices A and B are related by an 1Z transformation first note that 
| det(A _1 B) \ = 1/| (xi i/2 — X2 2/1 ) | . The denominator of the latter is just the area of the 
parallelogram made up of two identical triangles defined by the first three columns in 
A. The area of this triangle is 1/2, as this is the condition for a lattice-free triangle in 
two dimensions. 

The four vertices described by B span Z 4 . Therefore any three-dimensional lattice- 
free polytope with more than four vertices corresponds to a simply-connected Sasakian 
seven-manifold. This not always true for diagrams with four vertices, since in this case 
each plane can contain two points. 

To start our analysis we note that lattice-free polytopes with 4 vertices correspond 
to a type of orbifold singularity that have been discussed intensively in the literature 
(see e.g. Section 3.1 in [71]). This is a supersymmetric C 4 /Zfc orbifold corresponding 
to an isolated singularity that cannot be resolved, with the orbifold weights in this 
case being (1, —1, q, —q) with gcd{A;, q} = 1. As already noted in [TJ], if q > 1, for any 
choice of U(l) isometry to reduce on, one can show that Y reduces in Type IIA to a 
space with orbifold singularities. Therefore, it seems that these AdS& x Y solutions are 
dual to field theories with no Lagrangian description. Thus we are left with the ABJM 
orbifolds, obtained by taking q — 1, for which there are of course already field theory 
candidates. 

We continue with the classification of diagrams with five vertices, where recall that 
we have shown that the first four vertices are described by B. Since the fifth vertex 
should be in the {z = 1} plane (to prevent a face with 4 vertices) it can be written 
as (l,x,y, 1) with x,y > Oo The only way to break the lattice-free condition would 
be if there were points between (l,x,y,l) and (1,0,0,1). Thus we have to require 
gcd{x, y} = 1. This concludes the classification of polytopes with five vertices. There 
are no additional 1Z transformations that connect between diagrams in this set; as we 
show later, the corresponding GLSM charge matrix that describes this toric diagram 
is unique for any choice of x and y. 

Toric diagrams with 6 vertices are potentially more complicated, although we note 
that these include the Q 111 example studied in detail in this paper. 6 vertices is also 
the maximal number since, otherwise, it is not possible to arrange the vertices in two 
adjacent planes with the constraint that all faces are triangular. 

16 As can be easily seen from (|A.4|) . toric diagrams with triangular faces obtained by picking other 
values of x and y are related by 1Z transformations. 
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We continue now with a discussion of the geometries that correspond to the polytopes 
obtained above. Recall that, given a toric diagram, one can recover the corresponding 
Calabi-Yau four-fold via Delzant's construction. In physics terms, this would be called 
a GLSM description of the four-fold. Let us discuss the toric diagrams with five vertices 
described above. The GLSM charge matrix can be computed by taking the null-space 
of the G-matrix, obtaining 

Qt = (x + y, —x, —y, — 1, 1) . (A.4) 

Since the GLSM charge matrix contains one gauge group, we find that the correspond- 
ing quiver should have 3 nodes. However, it is not possible to find a QCS field theory 
for every value of x and y. First, note that there are no zero entries in Q t , therefore 
there should be no adjoint fields in the quiver. The most general way to construct a 
quiver with 3 nodes and 5 fields with no adjoints, such that there is an equal number of 
in-going and out-going arrows at each node, is given in Figure [6j This quiver was also 



k 1 




Figure 6: The unique quiver that contains 3 nodes, 5 fields and no adjoints. 

discussed in [HZ]. Since we are interested in field theories which reproduce the minimal 
GLSM, we must have a toric superpotential which vanishes in the abelian case. The 
natural candidate is 

W = Tr <''('; IX [ r \n , (A.5) 

where e 4 - 7 is the usual alternating symbol. 

In this theory the only contribution to the GLSM matrix comes from the D-term, 
which in this case reduces to 

Qquivcr = {—h - k 2 , -hi - k 2 , h + k 2 , k 2 , h) , (A.6) 
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Note that two of the entries are equal while in general there are no equal entries in 
Qt- Therefore the only hope to reproduce Qt (up to an overall minus sign) is to choose 
k\ + &2 = ± 1. Substituting this back into Q quiver we obtain 

Qquiver = (=F 1, T 1, ± 1, ± 1 ~ K h) . (A.7) 

Obviously we can reproduce Qt only for x — 1 or y — 1. For other values, the 
geometries are not captured by the quiver that we have written. Indeed, it seems that 
the AdSi x Y spaces, where Y is the base of the corresponding isolated Calabi-Yau 
singularity, reduce in Type IIA to singular spaces, for any choice of U(l) isometry on 
Y. Thus the corresponding M2 brane theories apparently do not admit a Lagrangian 
description, according to [T2"] . 

B Geometry of C(Q U1 ) and its resolutions 

The cone over Q 111 is a non-complete intersection defined by 8 Wi G C such that 

W1W2 — W3W4 = W\W2 — W5W8 = W1W2 — WqWj = , 
— W5W7 = W\Wq — W4W5 = W\Ws — = , 

W2W4 — W e Wg = W 2 W 5 — W^Wq = W2W7 — W 3 W 8 = . 



One can check that these equations can be solved in general by taking 
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(B.l) 

Since the cone over Q 111 is both Ricci-flat and Kahler the metric can be written as 
9mn — dm 9fj,K , where K is the Kahler potential. In the singular case, the most general 
such Kahler potential which one could write, compatible with the SU{2Y x U(1)r 
symmetry, is 

K = F(p 2 ) . (B.2) 

We may resolve C(Q 111 ) by blowing up a copy of CP 1 x CP 1 , as explained in the mam 
text. We take the corresponding Kahler potential to be 

K = F{p 2 ) + alog(l + |Ai| 2 ) + Mog(l + |A 2 | 2 ) . (B.3) 
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Here a, b are the resolution parameters of the two CP 1 s, coordinatized respectively by 

Ax = ^ = e-^ tan ^ , A x = ^ = e"*" tan ?* . (B.4) 
u> 6 2 w\ 2 

The Ricci tensor for a Kahler manifold is related to the determinant of the metric as 
Rab = —dadb log det g. For the case at hand, the determinant of the metric reads 

det g = (F' + p 2 F") (a + p 2 F') (b + p 2 F')F' , (B.5) 

where ' = ^ ■ It is useful to define 7 = p 2 F'. Then Ricci flatness implies 

y 7 ( a + 7 )( 6 + 7 ) = £. (B.6) 

Integrating this expression and setting the integration constant to zero we obtain 

7 4 + ^(a + 6)7 3 + 2o6 7 2 = ^. (B.7) 
In terms of 7 the metric then becomes 

ds 2 = 7 Mp 2 + ^(d^ + ^cosW l )V^^(d^ + sin 2 W^ 

i=l 

+ (6 + 7) ^ + ^2 + 2 ^2 + gin 2 ^ d0 2 j (Rg) 

It is now convenient to introduce a new radial coordinate r as r 2 = 27. In terms of 
this r the metric becomes 

ds 2 = «rMr 2 + /^(W + ^cos^d0/) + 1 Q I r J [dd 2 2 + sin 2 fl 2 d0 2 ) 



i=i 



(26 + r 2 ) 



'd# 2 + sin 2 # 3 d0 2 ) + T — (del + sin 2 M0 2 ) , (B.9) 

with 



After some algebra, this is 



K =^. (B.10) 

7 



(2A_+r 2 )(2A ++ r 2 ) 

(2a + r 2 )(25 + r 2 ) ' 1 J 



where 



A± = ^ (2a + 26 ± V4a 2 - lOab + 4o 2 ) . (B.12) 
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This metric has appeared in the literature in a slightly different form p8\ 169 

the main text we make use of yet another form which can be obtained by redefining 

r = \/8~q, a = 4Zf and b — 4Z|. After these redefinitions the metric becomes 

■? 

2 

cos 9id(j>i J 

i=i 



ds 2 = U^dg 2 + Ug (dip + cos W*) + ( Z 2 + g) (d#2 + sin 2 W 2 , 

i=i 

+(/ 2 + e ) (d# 2 + sin 2 e 3 d(pfj + e (dd\ + sin 2 w?) ; (B.13) 



where 

3g 3 + 4g 2 (Z 2 + Z 2 ) + 6/ 2 / 2 g 

6(/l + ff )(il + ff) • 1 } 

C Geometry of C(Q 222 ) and its resolutions 

The cone C(Q 222 ) is a Z 2 orbifold of C(Q m ), where Z 2 C U(1) R acts on the fibre 
coordinate ip. Thus we can construct the variety by starting with the u>j holomorphic 
coordinates and taking the desired orbifold. In particular, it follows that the metric is 
just that of C{Q 1U ) with tp e [0, 2tt]. 

We are interested in resolving this conical singularity. The computation of the metric 
is formally similar to that for C(Q U1 ). Thus, after defining 7 = p 2 F', we have the 
equation 

7'7(a + 7)(6 + 7 ) = ^ . (C.l) 



This equation is integrated into 

! ( . .. 

3 V ' 16 



7 4 + -(a + 6) 7 3 + 2a& 7 2 -A; = ^ , (C.2) 



where we have left a non-zero integration constant k. If k = we reduce to the C(Q U1 ) 
case (locally). Following the same steps as for C(Q 1U ), we introduce a new radial 
variable 

r 2 = 2 7 , (C.3) 

such that the metric reduces to 



ds 2 = K~ x dr 2 + [dip + cos flidfr) 2 + g ^ (d^2 + sin 2 6 2 d4> 



^{2b + r 



i=l 

2 



(dfl 2 + sin 2 W 2 ;) + j (dOf + sin 2 W?) , (C.4) 



17 This form can be recovered by defining r = V2p, a — l\ and b = l\. 
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where now 

r 8 + | (a + b) r 6 + 8 a b r 4 - 16 k 
K = r 4 (2a + r 2 ) (2 6 + r 2 ) ' ^'^ 

Let us consider the case in which a = b = and 7^ 0. Then 

« = l-^. (C.6) 
Defining = 16 k, we have that close to r*, the metric approaches 

ds 2 = - . ^ . dr 2 + ^(r-r,) fd^+Vcos^d^V^ Vd^Wfc d# . (C.7) 
8 ( r — r* ) 2 V / 8 z — ' 

v 1 i=l i=l 



Introducing a new radial variable u = yy (r-rj we have 

3 2 2 ^ 

ds 2 = du 2 +w 2 (dip+j2 c ° s0 i d( f>i) +jJ2 d9 * +sin29id $- ( c - 8 ) 



i=l i=l 



Here in order to avoid a conical singularity the period of ip must be 27r. Thus the 
metric (IC.4I) is the resolution of C(Q 222 ). Indeed, by redefinition of variables we can 
recover the metric for the resolved C(Q 222 ) that appeared in [68 | [69] F 8 ! 

D The warp factor for resolutions of C(Q U1 ) and 
C(Q 222 ' 



We are interested in studying supergravity backgrounds corresponding to M2 branes 
localized on the space X, which will be the resolution of either C(Q lu ) or C(Q U1 ) 
described in £jB] and $0 respectively After placing N spacetime-filling M2 branes at a 
point y in the resolved space X we must solve the Green's equation 

A x h[y] = ^^5 s (x-y), (D.l) 
V det g x 

for the warp factor h = h[y]. Here A is the scalar Laplacian on X and gx is the metric 
on the resolved cone. Using the explicit form of the Laplacian we can write 

18 This form can be recovered by starting with (|C.4j) and redefining r — y/8 p + r+ , l\ = 2a + r * ; /| _ 

2 fc+r, ;2 r* 

8 ' f 3 — 8 ' 
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Since we can choose coordinates such that the metrics we are considering are formally 
identical 



ds 2 = + (cty + COS W*) 2 + (2fl g r ^ + Sln2 

i=l 



+ (26 + r 2 ) ^ Jfl2 



d# 2 + sin 2 # 3 d0 2 ) + ^ (dfl 2 + sin 2 W 2 ) , (D.3) 



we have that the Laplacian in both cases can be written as 



i N d r (r 3 (2a + r 2 )(2& + r 2 )«3-/i) 

Mi <^0 ild ' h ) = ,.3 (2a + ,. 2)(26 + ,., ) + A, , (D.4) 



v^et^ V v J J r 3 (2a + r 2 )(26 + r 2 ) 

where the angular Laplacian A is 



16 

with 



A, = - J—^sinfltfy) + (-^-fy, - cot^V . (D.6) 
sinflj Vsmfc'j / 

As we show in (ID. 281) in the next subsection, we can expand the delta function in terms 

of eigenfunctions of the Laplacian such that 

1 ?(* -y) = ,3,,2 + 9 L 2 + 9 i/ fr - -0) E w^(o , (D . 7 ) 



Vdet^ v y/ r 3 (r 2 + 2a)(r 2 + 26) 

where we denote collectively the angular coordinates as £, and define x = (r, £) and 
y = (?"o,£o)- Then, the equation for the warp factor reads 

jd r (fd r h) +K ^Ah = - ^^ 5(r-r )J2Yi(CoTY I (O , (D.8) 

where we have defined for simplicity 

/ = r 3 (2a + r 2 )(26 + r 2 )/t . (D.9) 

We can now expand h in eigenfunctions of the angular Laplacian. Since £0 is just a 
point (not a variable), we can write 

h = Y,Mr)Y I {Z yY I (Z) . (D.10) 
1 

Then the radial equation we have to solve reduces to 

jd r ( K fd r ^ I )-K- 1 E I ^ I = - y p f } 5(r-r ) , (D.ll) 
where Ej is the angular eigenvalue of Yj, to which we now turn. 



73 



D.l Angular eigenfunctions in Q 



111 



We want to consider ( 1D.5j) with fixed r and construct eigenfunctions of such an operator. 
For this we first concentrate on each of the A; operators. For each 9, these look like 

A< = -^—d e (sm9d e ) + (-^fy - cot^) 2 . (D.12) 
sm9 V sin ft / 

Note that these angular Laplacians are the same as those for the conifold. As such, 

many technical details and results can be borrowed from [29J. 

We consider the following function 

Y = J(9)e im *e im/2 . (D.13) 

It is obvious that 

\Y = \J-d e (sm9d e J) - - cot9^Yj}j- 1 Y . (D.14) 
I sm 9 V sin 9 2 / ) 

Therefore it is interesting to consider the following eigenfunctions 

—d e {sm9deJ)-(—-cot9-) J = -EJ . (D.15) 
sm 9 \ sm 9 2 J 

This equation has two solutions, given in terms of hypergeometric functions 

tf m R = sin" 1 9 cot# °- 2 F 1 ( - I + m, 1 + I + m; 1 + m - |; sin 2 ^) , (D.16) 

and 

Jf m>fl = sinf cot" 1 ^ 2 F X ( - Z + |, 1 + Z + |; 1 - m + |; sin 2 ^) , (D.17) 

where we have introduced a labelling for the quantum numbers distinguishing the 
eigenfunctions. If m > ^ solution (ID. 16[) is non-singular while if m < ^ it is flD.17j) 
that is the non-singular solution. Both have eigenvalue under each A, operator given 
by 

E = 1(1 + 1) (D.18) 
Given these results, we can consider the functions 

Yj = Cj J h , mi ,R(^)Jh,ma,R(^)Ji 3 , m3 ,R(^) e l ^ +m ^ +m ^ e iR ^ 2 , (D.19) 

where the multi-index / stands for {(/i,mi), (Z 2 ,m 2 ), (l 3 ,m 3 ), R} and where Cj is just 
a normalization factor such that the norm of Yj is one. It is now clear that 

AYj = -EjYj , (D.20) 
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with 

^_ 8fi(Zi + l) | 8Z 2 (l 2 + l) | 8Z 3 (* 3 + 1) | 2R2 ( 2 



r 2 r 2 + 2a r 2 + 2b \r 2 K r 2 r 2 + 2a r 2 + 2b/ 

(D.21) 

We now note that the Yj are also eigenfunctions of the singular cone. Indeed, we can 
consider the Laplacian on the unit Q 111 , namely A\ a=0=b . r=1 . Then 

AYj = -EjYj , (D.22) 

with 

Ej = 8 h(h + 1) + 8 l 2 (l 2 + 1) + 8 / 3 (/ 3 + 1) - 2i? 2 . (D.23) 

Therefore, the Yj are also normalized eigenfunctions for the A operator. Being eigen- 
functions of a Hermitian operator, these satisfy 

J d 7 e x/ditl Y/(0**MO = fc-j , (D.24) 

and therefore 

E ^(6)^/(6) = — != 5 7 (6 - 6) , (D.25) 

j Vdetc/ 

where we use £ to generically parametrize the angular coordinates and g stands for the 
angular part of the metric. One can check very easily that 

y/det g = r 3 (r 2 + 2a) (r 2 + 26) ^det g . (D.26) 
Therefore, if we denote x = (r, £) and y = (r ,£o) we have 

' ^ ~V)= 5 ■ 5 ■ - ^o)^= 5 7 (e - 6) • (D.27) 



VdeT^ v ' r^{r 2 + 2a){r 2 + 2b) v u/ ^dKg 
Using the completeness relation above we may hence write 

1 „«,, 1 



vSsr/ (x ~ v) = w^* - To) ? n(f ° ry ' K) ' (D ' 28) 
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D.2 Angular eigenfunctions in Q 

Since C(Q 222 ) is a Z 2 orbifold of C(Q 1U ) along ip it is clear that the local computation 
of the previous subsection will not be changed. Thus, we just have to take care of 
global issues. Recall that the wavefunctions in C(Q 1U ) are 

Yj = Cj J h , mi A°i)Jh,m*A°2)Jis, m3 A°3) e l ^ +m ^ +m ^ e iR ^ 2 . (D.29) 
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Since now tp G [0, 27r], it is clear that the well-behaved Yj will be those for which R 
is even; that is, R = 2 R. Therefore, dropping the tilde, the angular wavefunctions in 
C(Q 222 ) are 

Yj = C / 4, mi , fi (^ 1 )4, m2)i? (^)J / 3, m 3 ii? (^3)e i(m ^ 1+m ^ 2+m3 ^ ) e i ^ , (D.30) 
such that 



AY! = -EjYj , (D.31) 



with 



E 8jigi + l) | 8/ 2 (/ 2 + l) | 8/ 3 (/ 3 + l) | sr2 ( 2 1 1 1 



r 2 r 2 + 2a r 2 + 2b \r 2 K r 2 r 2 + 2a r 2 + 2b/ 

(D.32) 



D.3 The warp factor for Q 



in 



We now want to use the results derived so far to compute explicitly the warp factor 
for the resolution of the C(Q 1U ) space. We will consider the stack of branes to be 
sitting on the exceptional locus, where both the U(l) fibre and the (#i,0i) sphere 
shrink to zero size. This means that h = h(r, 82, #3), which in turn implies that R and 
li in ( ID. 191) vanish. Then, under these assumptions, the multi-index / takes the values 
I = {(I2, m-i), (Z3, m 3 )}. Indeed, we will assume the branes are located at the north 
pole of each of the two two-spheres. As such, we should consider also m 2 = m 3 = 0. 
Therefore, for such cases the angular eigenfunctions J A and J B coincide and reduce, 
for each sphere, to Legendre polynomials 

Jl,o,a = 2 F 1 (-l, l + sin 2 §) = P^cosO) , (D.33) 

such that for the case at hand where only l 2 , h 7^ 

Y hh = C hM P l2 (cos 2 ) P h (cos 3 ) , (D.34) 

Ei = 8^+1) + 8^1) 3 
r A + 2a r z + 26 

Thus, from ( ID. Ill) we see that the equation to solve reads 

-f dr V d ^)-{-^2a- + -^2r) K ^ = — 5{r) - (D ' 36) 
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We are interested in the simplified case in which, say, only b ^ 0. Under such assump- 
tion, also the (82, 02 ) sphere shrinks to zero, so that we can also consider I2 = 0. Then 
the corresponding angular wavefunctions are 

Y h =C h P h (cosd 3 ) . (D.37) 

Also from ( IB. Ill) and ( ID. 91) we see that 



r 2 4- M Qh 

K = 7^fb' / = >"V + f). (D.38) 



Then the equation to solve reduces to 



Or 



r 5 (r 2 + ^) -8r 5 / 3 (/ 3 + l)V / + (27r£ p ) (i Ar5(r) =0 . (D.39) 
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3 

The two solutions are 
,(i) 



.5; // 1 1 \ „/■ 1 (n^B ^6 



^-(^^(-i-l/.,?-^,!-*-^). (D.40) 



with 



/3= Wl + -Z 3 (Z 3 + 1) . (D.41) 

(2) 

Since /3 > 1, for large r only the ip\ solutions decay at infinity, and these are therefore 
the solutions of interest. 

We can now state the result for the warp factor, which turns out to be 

" = E C <3 (^) I<1+ ' S) + + §A 1 + 3ft -i» ) fl,<co.«.) , (D.42) 

where we collect all normalization factors in Ci 3 . 
D.4 The warp factor for Q 222 

We will compute the warp factor for N M2 branes in arbitrary location. As was shown 
above, the equation to solve is (ID.llj) where now we should use (1C.5|) for k. We will 



be interested in the simpler case in which a = b = 0. Moreover, as we explain in the 
main text, the interesting contribution is that coming from R = U = 0. Under this 
simplification, the equation to solve now reads 

d r (r r (l-^)d r ^ =-(27r£ p ) 6 N5(r-r ) . (D.43) 
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Solving for r > r$ we obtain 

= ^ (D - 44) 

and for r < r instead 

Indeed, the leading term for large r corresponds to ^ = 0, and in this limit 

\n 12 p6 

^^T-3T- (D-46) 



Recall that for C(Q 



222 \ 



« 2 9 7T 2 AT^ 

i? = £ . (D.47) 



E The Eguchi-Hanson manifold as a toy model 

In this appendix we illustrate, with the aid of a simple toy model, some of the compu- 
tations derived in §5.41 

E.l Harmonic forms 

In this subsection we derive the normalizable harmonic two-form in the Eguchi-Hanson 
manifold. This two-form will be important later on when we show how the warped 
volume of the exceptional divisor can be inferred from it. The Eguchi-Hanson metric 
is 

ds 2 = -^ILj. + ^ (l - £j) (d^ + cosfld0) 2 + ^ (d# 2 + sin 2 #d0 2 ) . (E.l) 

To avoid a conical singularity at r = c when c > we have to take if) £ [0, 2ir]. It is 
natural to define the one-form vielbein 

g 5 = dip + cos 9 d<f> , ee = d9 , = sin 6 d(f> . (E.2) 

Then a natural ansatz for a closed and co-closed two-form is 

£ = e«,Ae + d(/<7 5 ) , / = f(r) ■ (E.3) 

It is immediate that this form is closed. The Hodge dual is 

2 r df 

* (3 = - (1 - /) dr A g 5 + - / eg A . (E.4) 
r 2 dr 
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Thus co-closedness implies 

Choosing the solution decaying at infinity, this can be integrated into 

A being an integration constant which we will fix to A = — 1. Thus the self-dual 
harmonic two-form is 

1 2 

j3 = — sinfld#Ad0 + ^dr A g 5 . (E.7) 

We may define a normalized two-form (3 as /3 = /?. Changing now to the following 
coordinate system 

Zl = ( r 4 _ C 4 )V4 e i sin * ^ = ( / _ c 4 } i/4 e i (v--^) CQS 6 (E g) 

the normalized two-form now reads 

1 c 2 

/? = 9 Zi 9^ Sp dzi A dzj , S/3 = i t= arctanh— . (E.9) 

7r v 2 r 

It is then easy to see that 

$A*$ = 1. (E.10) 



E.2 Laplace operator 

Prior to the computation of the warped volume, in this subsection we derive the warp 
factor for the Eguchi-Hanson manifold. Thus, we are interested in solving the Green's 
equation 



u Ell h = a (Vd^« a,- ft) .\' lS , (e.ii) 



5 1 

y/detg 'V v v v i j v /det g 

where p is some arbitrary point in the Eguchi-Hanson manifold and A/" is a normaliza- 
tion factor. After some algebra one can see that 

U EH h= ^d r (r 3 fd r h) +^Ah+^jdlh , (E.12) 

where we have introduced the operator 

! 9 (sin0d e ) + (^-cot0fy) , (E.13) 



sin 6* 
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and denned for simplicity 

/ = !--. (E.14) 



Coming back to the Green's equation, denoting collectively the angular coordinates by 
£ and x — (r, £) and p = (r p , we can write ( 1E.11I) as 

u EHh ^4 j(r . rJ «JMt«. (E . 15) 

r d sin 9 

It is now useful to think of the Eguchi-Hanson manifold as a resolution of a Z2 
orbifold of C 2 which has been resolved with the parameter c. From this point of view, 
the metric on the singular cone would be simply 

ds 2 = dr 2 + r 2 1 - (dip + cos 9d<p} +^ (d9 2 + sin 2 9 d0 2 ) } , (E. 16) 

where ip G [0, 2ir]. The Laplacian in this cone is 

n c h = -^ d r( r3d rh)+^Ah, (E.17) 

where we have introduced the angular Laplacian A 

A = 4A + 4<9j. (E.18) 

As usual, with the normalized eigenfunctions of A 

•AYfti rn = —E R ^ m Y R j jm , (E.19) 

we can construct a representation of the delta function on the base of the cone. This 
delta function is precisely the part appearing in the original Green's problem we are 
interested in. Thus 



£ ww wo = . (E.20) 

sin 9 

R, I, m 

In order to find the explicit form for the Y R j ym (^) eigenfunctions we start by writing 

Y R , l , m {t,) = e iR ^e im t>J l , m {6) , (E.21) 
where R, m £ Z. Then, the Ji )Tn functions satisfy 

J-d e (sm9d e J ltm ) - (^--R co t9) 2 J lim = -^^ J hm . (E.22) 
sinti V J \smv / 4 
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One can then verify that the solutions to this equation are 

tf m (9) = sin m 9 cot R - 2 F 1 (-l+m,l + l + m,l+m-R, sin 2 ^) , (E.23) 

and 

jf m {9) = sin R 9 cot m d - 2 F 1 ( - I + R, 1 + I + R, 1 - m + R, sin 2 ^ , (E.24) 
and that for both 

E R ^ m = A(l(l + l)-R 2 ^ . (E.25) 

If m > R the solution jf- m is singular, while if m < R it is the solution Jf m that 
becomes singular. Of course, for R = m both solutions coincide. Because of this, 
depending on R we should use one or the other. 

Finally, the normalized eigenfunctions which we are after are 

Y R ,i, m (0 =A Rtl , m e iR ^e im * J l>m {9) , (E.26) 

where AR,i,m encodes the normalization. It is now clear that we should expand h as 

h= Yl ^R,i(r)Y R ,i >m (Q*Y R!hm (C) . (E.27) 

R,l,m 

After substituting this and (IE.20[) into flE.15p . a straightforward computation shows 
that ip R j satisfies 

1 / \ A[l(l+1) - R 2 ) zLP2. om- 

- 3 d r (r 3 / d r ^ ,) - { ^ - 2 L + _} V*, , = *(r - r p ) . (E.28) 

The two solutions of this equation are 



and 



r 4 / \rJ V 2 ' 2 '2 ' r 4 , 

First we want to check which is the regular solution for r > r p . For that we check the 
large r limit 

*« -> , f^) 2+2 ' . (E.31) 



Thus we conclude that the solution to use for r > r p is -?/>( 2 ). 
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In order to find the r < r p solution, it is better to re-write the solutions of the above 



equation as 



¥ _ f-l + \R\ 1 + 1+ \R\ 1 r 4 



2 1 c 4 



and 



2 4 



c 2 Vc 4 



- 1 



^ /l-Z + |fl| 2 + l + \R\ 3 r 4 

2-Tl ' 



(E.32) 



(E.33) 



2 1 2 '2 c 4 
The regular solution appears as a linear combination of these two solutions. To see 
this, let us define 



- i 



_> 



-l + \R\ l + l+\R\ 1 r 4 



A 2 "J 2^1 



2 2 
l-l + \R\ 2 + l + \R\ 3 r 4 

' 2' ? 



2' c 4 



+ 



(E.34) 



2 ' 2 

In order to ensure finiteness as r tends to c, we have to set 



2T 



A, 



-Ax 



i-i+\R\ 

2 



r 



2+i+\r\ 

2 



(E.35) 



for modes where \R\ ^ I and the parity of R and / is the same. The other modes 
should be set to zero. Subtituting this result into (IE. 3411 and suppressing the overall 
factor Ai, we obtain 



4 



-l + \R\ l + l+\R\ 1 r 



' 2' c 4 



(E.36) 



2T 



(kj±ia) r ( 



2+?+|fl| 
2 



2 -Pi 



+ 2 + /+|i?| 3 r l 



' 2' c 4 



which is the well-behaved solution for r < r p . 

In the following subsections it will become clear that the interesting mode for us is 
the one with R = I = 0. With this choice (IE.30j) and flE.36j) become 



and 



.4 



. , c\2 ( \ 3 c 4 

^ - 2^1 -, 1, -, -T 



r / 



2' r z 



3 c 4 



' ' 2' r 4 



( 1 1 r 4 



2' 2' 



(E.37) 



(E.38) 
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where A is a normalization constant. To normalize these solutions we consider the 
r — > oo limit in ( IE. 271) . We see that in this limit h ~ A |*Ao,o,o| 2 c 2 /r 2 . Thus, if we 



integrate (1E.11I) we get 

• 4| - 4 -'» |2c2 = 2^y < E - 39) 

where Qeh — 5 ,3 /^2 is the the base of the Eguchi-Hanson manifold at infinity. Explic- 
itly this volume is 

vo\(n EH )= / y/det g = - / d^ / d0 / sin#d# = 7r 2 . (E.40) 
Jn EH ° Jo Jo Jo 

Thus, in the convention in which M = 2 n we have 



c A),o,or 



E.3 Warped volumes 



We are now interested in computing the warped volume of the blown-up divisor in the 
Eguchi-Hanson manifold. This reads 



S= / ^det g D h d 2 x , (E.42) 



D 



where D is the blown-up S 2 = CP 1 at r = c, and go and h are the pull-backs of the 
metric and warp factor to D, respectively. After substituting (1E.27j) and 



^/detg D = —sinO , (E.43) 

into this expression one obtains 

5 = j^#) J Y 0;l>m (Q*Y 0>l , m (C)d 2 C. (E.44) 

l,m ® 

We now proceed by evaluating the integral 

/ Y 0il , m (Q*Y j, m (£)d 2 Z= \A , ltm \ 2 e- im ^ J hm (6 p ) J d£d0sin#e im ^, m (#) . 

(E.45) 

The integral forces that only the m = term contributes. Thus 

/ Y 0tltm (Q*yo,i, m (0^ = 27c5 mfi \A , l , \ 2 JiA^) I d9 sm9 J lt0 (9) . (E.46) 
Jd Jo 
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Furthermore, the Ji,o{9) are just Legendre polynomials in cosd. One can then see that 
all integrals are zero except for the / = mode. Thus 

/ Y ,i, m (Q* Y Qt i, m (0 d 2 £ = 4tt 5 mfi 6i,o I A o, o | 2 • (E.47) 
Jd 

So finally 

S = n c 2 \A ,o,o\ 2 Mc) ■ (E.48) 

ip<(c) can be read from (IE. 381) together with the normalization at (IE.41I) . Neglecting 
the label p in r p we obtain our final extremely simple result: 

c 2 

S = arctanh— . (E.49) 

E.4 Harmonic forms from the warped volume 

In this subsection we show how to rederive the harmonic two-form, that was derived 
in the first subsection, using the warped volume just computed. As shown in the first 
subsection, the two-form 

$ = ddSp (E.50) 

is harmonic, where 

1 c 2 

Sr = i — ^arctanh — . (E.51) 
P rrV2 r 2 

Recall here that r > c, with the exceptional divisor D = {r = c} being a copy of CP 1 . 
Moreover, (3 is normalized so that 

$A*j3 = l, (E.52) 

Xeh 

where Xeh — 0{—2) — > CP 1 is the Eguchi-Hanson manifold. The first claim is that 
the correctly normalized Poincare dual to D = CP 1 is 

P = V2/3 . (E.53) 

Indeed, then 

pA*P=- f PAP = 2. (E.54) 
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We require the 2 here since this is the Euler number of the normal bundle to the 
exceptional CP 1 . Thus, in our notation in the main text, 

1 2 r 2 c 2 

log H = (2ni)V2S = -2vr • -arctanh %- = log T ~ ° . (E.55) 

it r 2 r 2 + c 2 

The radial coordinate near to D — CP 1 is p = \/r — c, so that D is at p = 0. Thus we 
see that, near to D, logH blows up as log/? 2 , precisely as claimed in the main text. 
Also notice that may be written 

r 2 

P = d (r- 2 r]) . (E.56) 

71 

Here f] — \ (dip — cos9d(f>). Thus the mode /3 M = r\ in this case, which in particular is 
a Killing one-form. Thus /i = 4 and hence 2 — n — v = — v = —^fp, = —2, which is 
the power of r above. This confirms the claims about the asymptotic expansion in this 
case. 
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